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Abstract 

We prove Holder continuity for ^-harmonic maps from subsets of R" into a sphere. This extends 
a recent one-dimensional result by F. Da Lio and T. Riviere to arbitrary dimensions. The proof 
relies on compensation effects which we quantify adapting an approach for Wente's inequality by L. 
Tartar, instead of Besov-space arguments which were used in the one-dimensional case. Moreover, 
fractional analogues of Hodge decomposition and higher order Poincare inequalities as well as several 
localization effects for nonlocal operators similar to the fractional laplacian are developed and applied. 
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1 Introduction 

In his seminal work jllel90| F. Helein proved regularity for harmonic maps from the two-dimensional unit 
disk -Bi(O) C M.'^ into the m-dimensional sphere §™~^ c M™ for arbitrary m G N. These maps are critical 
points of the functional 

E2{u):^ J |Vw|^ where u e M^i'2(Bi(0),§'"-i). 

-Bi(0)CR2 

The importance of this result is the fact that harmonic maps in two dimensions are special cases of crit- 
ical points of conformally invariant variational functionals, which play an important role in physics and 
geometry and have been studied for a long time: Helein's approach is based on the discovery of a compen- 
sation phenomenon appearing in the Euler-Lagrange equations of i?2, using a relation between div-curl 
expressions and the Hardy space. This kind of relation had been discovered shortly before in the special 
case of determinants by S. Miiller |Miil90] and was generalized by R. Coifman, P.L. Lions, Y. Meyer and 
S. Semmes |CLMS93] . Helein extended his result to the case where the sphere S™"^ is replaced by a 
general target manifold developing the so-called moving-frame technique which is used in order to enforce 
the compensation phenomenon in the Euler-Lagrange equations |Hel91] . Finally, T. Riviere ^Riv07] was 
able to prove regularity for critical points of general conformally invariant functionals, thus solving a 
conjecture by S. Hildebrandt |Hil82'. He used an ingenious approach based on K. Uhlenbeck's results 
in gauge theory jUhl82j in order to implement div-curl expressions in the Euler-Lagrange equations, a 
technique which can be reinterpreted as an extension of Helein's moving frame method; see [SchlOj . For 
more details and references we refer to Helein's book |Hel02] and the extensive introduction in jRiv07) as 
well as |Riv09| . 

Naturally, it is interesting to see how these results extend to other dimensions: In the four-dimensional 
case, regularity can be proven for critical points of the following functional, the so-called extrinsic bihar- 
monic maps: 



E4iu) :- 




where u G W^'^{Bi{0),R"'). 
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This was done by A. Chang, L. Wang, and P. Yang |CWY99| in the case of a sphere as the target manifold, 
and for more general targets by P. Strzelecki |Str03j . C. Wang |Wan04| and C. Scheven jSch08| : see also 
T. Lamm and T. Riviere's paper [LR08] . More generally, for all even n > 6 similar regularity results 
hold, and we refer to the work of A. Gastel and C. Scheven |GS09] as well as the article of P. Goldstein, 
P. Strzelecki and A. Zatorska- Goldstein ' GSZG09j . 

In odd dimensions non-local operators appear, and only two results for dimension n = 1 are available. In 
|DLR09| ■ F. Da Lio and T. Riviere prove Holder continuity for critical points of the functional 

2 

, defined on distributions u with finite energy and u G §™^^ a.e. 
In |DLR10| this is extended to the setting of general target manifolds. 



Eiiu) 



In general, we consider for n, to G N and some domain D C M" the regularity of critical points on 
D of the functional 

E,,{v) = J \A^v\^, V G i?^ («",«"), V G S™~^ a.e. in D. (1.1) 

Here, A? denotes the operator which acts on functions v G according to 

(Atu)'^(^) = for almost every ^ G M", 

where ()^ denotes the application of the Fourier transform. The space ^ (R") is the space of all functions 
V G L\W) such that G L'^{W'). The term "critical point" is defined as usual: 
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Definition 1.1 (Critical Point). Let u e -ff^(M",R™), D C W\ We say that u is a critical point of 
En{-) on D if u{x) G §™^^ for almost every x € D and 



d 
di 



E{ut,^) = 

t=o 



for any ip G C^iD^W") where ut,^ G is defined 

Ut,<p 



n(u + tip) in D , 
u in R"\D. 



Here, 11 denotes the orthogonal projection from a tubular neighborhood of S™ ^ into ^ defined as 

n(-) = H. 

If n is an even number, the domain of En{-) is just the classic Sobolev space H^{W^) = Vt^t>2(R")^ for 
odd dimensions this is a fractional Sobolev space (see Section . Functions in H^{W^) can contain 
logarithmic singularities (cf. }Fre73| ) but this space embeds continuously into i?MO(R"), and even only 
slightly improved integrability or more differentiability would imply continuity. 

In the light of the existing results in even dimensions and in the one-dimensional case, one may expect 
that similar regularity results should hold for any dimension. As a first step in that direction, we establish 
regularity of n/2-harmonic maps into the sphere. 

Theorem 1.2. For any n > 1, critical points u G {M?) of En on a domain D are locally Holder 
continuous in D. 

Note that here - in contrast to |DLR09| - we work on general domains D C M" . This is motivated by 
the facts that Holder continuity is a local property and that A?' (though it is a non-local operator) still 
behaves "pseudo-local" : We impose our conditions (here: being a critical point and mapping into the 
sphere) only in some domain D C M", and still get interior regularity within D. 

Let us comment on the strategy of the proof. As said before, in all even dimensions the key tool for 
proving regularity is the discovery of compensation phenomena built into the respective Euler-Lagrange 
equation. For example, critical points u G ^^^'^(I?, S™~^) of E2 satisfy the following Euler-Lagrange 
equation |Hel90) 

Aii* — u*|Vw|^, weakly in £>, for ah i = 1 . . . m. (1.2) 

For mappings u G T4^^'^(M'^, §'"^^) this is a critical equation, as the right-hand side seems to lie only 
in L^: If we had no additional information, it would seem as if the equation admitted a logarithmic 
singularity (for examples see, e.g., |Riv07] . |Fre73| ). But, using the constraint |u| = 1, one can rewrite 
the right-hand side of (jl.2p as 

m m 

where the Bij are chosen such that diBij = u^d2U^ — uW2U^, and —d2Bij = u^diu^ — u^diu^, a choice 
which is possible due to Poincare's Lemma and because (II. 2p implies div (u^Vu^ — u^Vu^) = for every 
i^ j — 1 . . .m. Thus, (|1.2p transforms into 

m 

Au' = {diB.j d2u^ - d2B,, dm') , (1.3) 

a form whose right-hand side exhibits a compensation phenomenon which in a similar way already ap- 
peared in the so-called Wente inequality |Wen69| . see also |BC84j . |Tar85| . In fact, the right-hand side 
belongs to the Hardy space (cf. |Mul90| . |CLMS930 which is a proper subspace of with enhanced 
potential theoretic properties. Namely, members of the Hardy space behave well with Calderon-Zygmund 
operators, and by this one can conclude continuity of u. 

An alternative and for our purpose more viable way to describe this can be found in L. Tartar's proof 
|Tar85l of Wente's inequality: Assume we have for a, & G L^(M^) a solution w G -ff^(M^) of 

Aw = dia d2b ~ 820 dib weakly in R^. (1.4) 
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Taking the Fourier- Transform on both sides, this is (formaUy) equivalent to 

|^|'u;^(0 = c [ a'-(x) - x) {x,{^2 - X2) - x^i^i - x{)) dx, for C G R^. (1.5) 



Now the compensation phenomena responsible for the higher regularity of w can be identified with the 
following inequality: 

\MC2 ~ X2) - X2{^1 - Xi)\ < \^\\x\^\^-x\K (1.6) 

Observe, that |a;| as well as |^ — x\ appear to the power 1/2, only. Interpreting these factors as Fourier 
multipliers, this means that only "half of the gradient" , more precisely A 4 , of a and b enters the equation, 
which implies that the right-hand side is a "product of lower order" operators. In fact, plugging (|1.6p 
into (|1.5p . one can conclude e i^(M^) just by Holder's and Young's inequality on Lorentz spaces - 
consequently one has proven continuity of w, because the inverse Fourier transform maps into C°. 
As explained earlier, p.2p can be rewritten as (jl.3p which has the form of (jl.4p . thus we have continuity 
for critical points of £'2, and by a bootstraping argument (see |Tom69| ) one gets analyticity of these points. 

As in Theorem 11.21 we prove only interior regularity, it is natural to work with localized Euler-Lagrange 
equations which look as follows, see Section [7J 

Lemma 1.3 (Euler-Lagrange Equations) . Letu G iJ^ (K") be a critical point of En on a domain D C M". 
Then, for any cutoff function rj G C^{D), rj = 1 on an open neighborhood of a ball D d D and w := rju, 
we have 

w' AT^J A^Vy = j A^w^' H{w\i:,j) - J Oiji^.j, for any = -^j, G C^{D), (1.7) 

where Oij G L^(R"), j,j — l,...,m, depend on the choice of rj. Here, we adopt Einstein's summation 
convention. Moreover, H{-,-) is defined on H~{W^) x _ff~(R") as 

H{a,b) := AT{ab) - aATb-bATa, for a,b e (R"^). (1.8) 

Furthermore, u G §™^^ on D implies the following structure equation 

• A^u;^ = -ii/(w\w') + ^A^r;2 a.e.mW. (1.9) 

Similar in its spirit to [DLROQ) we use that (|1.7p and (|1.9p together control the full growth of A?w, 
though here we use a different argument applying an analogue of Hodge decomposition to show this, see 
below. Note moreover that as we have localized our Euler-Lagrange equation, we do not need further 
rewriting of the structure condition (11.91) as was done in |DLR09j . 

Whereas in (jl.4p the compensation phenomenon stems from the structure of the right-hand side, here it 
comes from the leading order term H{-, ■) appearing in (jl.7p and (jl.9p . This can be proved by Tartar's 
approach jTar85| . using essentially only the following elementary "compensation inequality" similar in 
its spirit to (|1.6p 



"^{WW, ifpG(0,l]. 

More precisely, we will prove in Section!?] 

Theorem 1.4. For H as in (|1.8I) and u,w G i7^(R") one has 

\\H{u,v)\\L2(jg,^) <C ||(Atu)^||i2(R„) ||(A^w)^||i2,oo(R„). 
An equivalent compensation phenomenon was observed in the case n 1 in |DLR09j1 . Note that 



ici-f ler'ixi, ifp>i. 



interpreting again the terms of (jl.lOp as Fourier multipliers, it seems as if this equation (and as a 



^In fact, all compensation phenomena appearing in IDLR09I can be proven by our adaption of Tartar's method using 
simple compensation inequalities, thus avoiding the use of paraproduct arguments (but at the expense of using the theory 
of Lorentz spaces). 
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consequence Theorem II. 4[) estimates the operator H(u,v) by products of lower order operators appHed 
to u and v. Here, by "products of lower order operators" we mean products of operators whose differential 
order is strictly between zero and ^ and where the two operators together give an operator of order . 
In fact, this is exactly what happens in special cases, e.g. if we take the case n = 4 where A? = A: 

H{u,v) ^2Vu-Vu ifn = 4. 

Another case we will need to control is the case where u = P is a polynomial of degree less than ^ . As 
(at least formally) A^P = this is to estimate 

AT(Pt;) - PA^w. 

This case is not contained in Theorem ll.4l as a non-zero polynomial does not belong to H^{W^). Obvi- 
ously, in the one-dimensional case P is only a constant, and thus H[P, v) = 0. In higher dimensions, as 
we will show in Proposition l5.161 H{P,v) is still a product of lower order operators. 
As we are going to show in Section [5.41 products of lower order operators (in the way this term is defined 
above) "localize well". By that we mean that the P^-norm of such a product evaluated on a ball is 
estimated by the product of i^-norms of At applied to the factors evaluated at a slightly bigger ball, 
up to harmless error terms. As a consequence, one expects this to hold as well for the term H{u,v), and 
in fact, we can show the following "localized version" of Theoreni ll.4l proven in Section [Bl 

Theorem 1.5 (Localized Compensation Results). There is a uniform constant 7 > depending only on 
the dimension n, such that the following holds. Let H{-,-) be defined as in (jl.8|) . For any v G _ff5(R") 
and e > there exist constants R > and Ai > such that for any ball Br{x) C M", r G (0, R), 

II^(«,<p)IIl2(b^(^)) < e ||AT(^|j^2(R„) for any ip e C^{Br{x)), 

and 

00 

k— — oo 

Here, [[v\\a is a pseudo-norm, which in a way measures the L^-norm of A^v on A C M". More precisely, 
for odd n 



Ma \\A'iv\\L2^A) 




V"2 v{x) - V"2 v{y) 



dx dy 



\A A 



and for even n we set [[v]]a '■— || A * w||l2(-^) -|- || V 2 w||l2(^') . 



As mentioned before, by the structure of our Euler-Lagrage equations, these local estimates control the 
local growth of the ^.-operator of any critical point, as we will show using an analogue of the Hodge 
decomposition in the fractional case, see Section [5.31 

Theorem 1.6. There are uniform constants A2 > and C > such that the following holds: For any 
X e R" and any r > we have for every v G P^(R"), suppw C Br{x), 

MmsAx)) < C sup \ I V AT(^. 

Then, by an iteration technique adapted from the one in |DLR09] (see the appendix) we conclude in Sec- 
tion [9] that the critical point u of P„ lies in a Morrey-Campanato space, which implies Holder continuity. 
As for the sections not mentioned so far: In Section [5] we will cover some basic facts on Lorentz and 
Sobolev spaces. In Section [3] we will prove a fractional Poincare inequality with a mean value condition 
of arbitrary order. In Section [5] various localizing effects are studied. In Section [5] we compare two 
pseudo-norms || Atu||^2(^) and of , and finally, in SectionlHl Theorem 11.21 is proved. 



Finally, let us remark the following two points: As we cut off the critical points u to bounded domains, 
the assumption u G P^(R") is not necessary, one could, e.g., assume u G L°°(R"'), A^u G P^(R"), thus 
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regaining a similar "global" result as in jPLROQ) . Observe moreover, that the application of a cut-off 
function within D to the critical point u is a very brute operation, which nevertheless suffices our purposes 
as in this note we are only interested in interior regularity. For the analysis of the boundary behaviour 
of u one probably would need a more careful cut-off argument. 

We will use fairly standard notation: 

As usual, we denote by 5 = iS(R") the Schwartz class of all smooth functions which at infinity go 
faster to zero than any quotient of polynomials, and by 5 = <S (K") its dual. For a set A C M" we 
will denote its rt-dimensional Lebesgue measure by \A\, and rA, r > 0, will be the set of all points 
rx S M" where x € A. By Br{x) C K" we denote the open ball with radius r and center x € M". If 
no confusion arises, we will abbreviate = Br{x). When we speak of a multiindex a we will usually 
mean a = (ai, . . . , a„) G (N U {0})" = (No)" with length |a| := X]"=i '^i- I^or such a multiindex a and 
X = {xi, . . . , Xn)'^ £ we denote by x" = HlLi (-^O"' where we set (xi)'^ := 1 even if Xi = 0. For a real 
number p > we denote by [pj the biggest integer below p and by [p] the smallest integer above p. If 
p S [1, oo] we usually will denote by p' the Holder conjugate, that is ^ -I- ^ = 1. By / * 5 we denote the 
convolution of two functions / and g. As mentioned before, we will denote by the Fourier transform 
and by the inverse Fourier transform, which on the Schwartz class S are defined as 

no ■■= I /(^) e-^-' ^< dx, r{x) := I fiO e^-- d^. 

By i we denote here and henceforth the imaginary unit = — 1. 7?. is the Riesz operator which transforms 

V S iS(K") according to {TZv)^{£,) :— More generally, we will speak of a zero-multiplier operator 
M, if there is a function m S C°°(IR"\{0}) homogeneous of order and such that {Mv)^{£,) = m(^) 

for all ^ G R"\{0}. For a measurable set D C M", we denote the integral mean of an integrable function 

V : D ^Rtohe {v)d = fjjV = jjyj J^v. Lastly, our constants - usually denoted by C or c - can possibly 
change from line to line and usually depend on the space dimensions involved, further dependencies will 
be denoted by a subscript, though we will make no effort to pin down the exact value of those constants. 
If we consider the constant factors to be irrelevant with respect to the mathematical argument, for the 
sake of simplicity we will omit them in the calculations, writing « instead of <, > and —. 

Acknowledgment. The author would like to thank Francesca Da Lio and Tristan Riviere for intro- 
ducing him to the topic, and Pawel Strzelecki for suggesting to extend the results of jPLROQj to higher 
dimensions. Moreover, he is very grateful to his supervisor Heiko von der Mosel for the constant support 
and encouragement, as well as for many comments and remarks on the drafts of this work. The author 
is supported by the Studienstiftung des Deutschen Volkes. 

2 Lorentz-, Sobolev Spaces and Cutoff Functions 
2.1 Interpolation 

In the following section we will state some fundamental properties of interpolation theory, which will be 
used to "translate" results from classical Lebesgue and Sobolev spaces into the setting of Lorentz and 
fractional Sobolev spaces. For more on interpolation spaces, we refer to Tartar's monograph [Tar07| . 
There are different methods of interpolation. We state here the so-called X-Method, only. 

Definition 2.1 (Interpolation by the fsT-Method). (Compare \Tar07\ Definition 22.1]) 

Let X, Y be normed spaces with respective norms \\ ■ ||x; || • \\y and assume that Z — X + Y is a normed 

space with norm 

\\z\\x+y:^ inf (||.x||x + ||y||y). 

z—x-\-y 

For t E (0, 00) and z E X -\- Y we denote 

K{z,t)^ inf \\x\\x+t\\v\\Y, 
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and for G (0, 1) and q G [1, oo], 

oo 



t=o 



The space [X,Y]0^q with norm \\ ■ \\[x,Y]g , then defined as every z ^ X + Y such that \\z\\[x,Y]g , < oo. 

Proposition 2.2. (Compare lTar07\ Lemma 22.2]) 

Let Y, Z be as in Definition \2.1\ If 1 < q < q' < oo, 9 G (0, 1), then 

and the embedding is continuous. 



Proof of Proposition 12. 2L 

Fix e e (0, 1). Denote 

Ep ■.^[X,Y]e.p, forpG[l,oo]. 
Then for q < oo, to > 0, using that K[z,t) is monotone rising in t. 



kill, = / t-'^'iKMY^ 

t=0 

oo 

> I t-'^{K{z,t)y ^ 

t=to 

> iK{z,to)) 



that is 



which imphes 



9q ' 

t-" K{z,to) -< \\z\\e,, for every to > 0, 



\\z\\e^ < CoJzWe^ for any q G [l,cx)]. (2.1) 
Thus, by Holder inequahty for co > q' > q, 

= ll^-'^^(-'^)llt'((0.oo).f) 

-< Mk- 

Proposition 12.21 □ 

The following two fundamental lemmata tell us how linear and bounded or linear and compact operators 
defined on the spaces X and Y from Definition 12.11 behave on the interpolated spaces. 

Lemma 2.3 (Interpolation Theorem). (See lTar07[ Lemma 22.3]) 

Let Xi,Yi, Zi, X2,Y2,Z2 be as in Definition \2.1l Assume there is a linear operator T defined on Z = 
X + y such that T : Xi — > X2 and T : Yi — >■ ^2 o,nd assume there are constants Ax, Ay > such that 

\\T\\c(x,,x,) < Ax, \\T\\c(Y,,Y2) < Ai-- (2-2) 

Denote for 9 G (0,1) and q G [l,oo], Ei :— [A"i,Yi]£/^q and E2 :— [X2,Y2]0^q. Then T is a linear, bounded 
operator T : Ei ^ E2 such that 

\\T\\c{Et,E2) < Ax^^Ay. 
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Proof of Lemma I2.3L 

Denote by Ki, K2 the K{-, •) used to define Ei and E2, respectively. For z G Ei and any decomposition 
z ^ xi + yi, xi G Xi, j/i G Yi we have 

t-'K2{Tz,t) < t-\\\Txi\\x,+t\\Tyi\\Y,) 

? A^-X (ll^illx,+t|^||yi||n 
Taking the infimum over all decompositions z — xi + yi, this implies for 7 > 0, 

t-'K2{Tz,t) < A^-" A^ (7i)"'i^i(z,7i)- 
Using the definition of Ei, E2, we have shown 

\\Tz\\e,<A],-' a?. Ilzlb,. 

Lemma 12.31 □ 

Lemma 2.4 (Compactness). (See \Tar07\ Lemma 41-4]) 

Let X, Y, Z be as in Definition \2.1l Let moreover G be a Banach space and assume there is an operator 
T defined on Z — X + Y such that T : X ^ G is linear and continuous and T : Y G is linear and 
compact. Then for any 9 d (0; 1); 9 G [1- 00], T : [X, Y]0^q G is compact. 

Proof of Lemma 12. 4L 

Fix 6 G (0, 1). By Proposition 12 . 21 it suffices to prove the compactness of the embedding for q = 00. Set 
E := [X, Y]e^oo- We denote by A the norm of T as a linear operator from X to G. 
Let Zk G E and assume that 

||zfc||£;<l for any fc G N. (2.3) 

If there are infinitly many Zk — 0, there is nothing to prove, so assume that Zk ^ for all fc G N. Pick 
for any fc, n G N, x^, such that x^^ + y'^ = Zk and 

1 1 ESli 1 

xn + -\\yU<2Kizk,-) < 2-. 

n n 

Consequently, for any k,l,n G N, 

\\Tz,-Tzi\\g < \\T{x--x7)\\G + \\T{y^-yr)\\G 

< A{\\xl\\x + \Wi\\x) + \\T{y^-yr)\\G 

< ^ + ||r(y,"-2/r)llG, 

and 

||yfc||y < 2ni"^ foranyfc,nGN (2.4) 
Now we apply a Cantor diagonal sequence argument as follows: Set 

(^i:o),^i := {i)Zi 

and choose for a given sequence (fci,n)^x ^ subsequence (fci,n+i)^]^ such that 

ki.n = ki^n+i for any 1 < i < n 

and 

WnVktX, - Vk^'JWG < ^ for any ij>n + l. 

The latter is possible, as T is a compact operator from F to G and (j2.4p implies for any fixed n + 1 G N 

a uniform bound of y^"^^, i G N. 

Finally for any 1 < i < j < 00, setting ki := fc^^^+i 

\\Tzk^ -Tzfc II G < ^ + -, 

which implies convergence for i 00. 

Lemma\2A\ni 
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2.2 Lorentz Spaces 

In this section, we recall the definition of Lorentz spaces, which are a refinement of the standard Lebesgue- 
spaces. For more on Lorentz spaces, the interested reader might consider |Hun66j . |Zie89) . |Gra08[ Section 
1.4]. 

Definition 2.5 (Lorentz Space). Let f : M" — ^ M &e a Lebesgue-measurable function. We denote 

df{X):^\{xeU" : |/(x)|>A}|. 

The decreasing rearrangement of f is the function f* defined on [0, oo) by 

f*{t) inf{s > : d/(s) < <}. 

For 1 < p < oo, 1 < 9 < oo, the Lorentz space L'^ '^ = L^^'^iW^), is the set of measurable functions 
/ : R" — J- R such that ||/||lp.9 < oo, where 

supt>otp/*(i), if q ^ CO, p< CO, 

||/||l~(K"), ifq^oo,p^oo. 

Observe that \\ ■ \\lp.i does not satisfy the triangle inequality. 

Remark 2.6. We have not defined the space L°°''^ for q G [l,cx)). For the sake of overview, whenever a 
result on Lorentz spaces is stated in a way that L^*'* for p = oo, q € [l,oo] is admissible, we in fact only 
claim that result for p — oo, q = oo. 

An alternative definition of Lorentz spaces using interpolation can be stated as follows. 

Lemma 2.7. (See f Tar07\ Lemma 22.6, Theorem 26.3] 
Let g G [1, oo] . For \ < p < oo 

LP.<1= [Li(R"),L-(R»)] 

for 2 < p < oo 

LP'« = [l2(K"),L°°(R")] , , 

and finally for 1 < p < 2, 

LP^''^[L\R"),L^{R")] 2 , 
and the norms of the respective spaces are equivalent. 

For Holder's inequality on Lorentz spaces, we will need moreover the following result on the decreasing 
rearrangement . 

Proposition 2.8. (See \Gra08\ Proposition 1.4-5]) 
For any f,g^ 5(M") and any t > Q, 

U9rm<f*{t) g*{t). 

Proof of Proposition I2.8L 

We have for any s, si, S2 > such that s = siS2, 

{x e R" : \f{x)g{x)\ > s} C {x £ M" : \f{x)\ > si} U {x e M" : \g{x)\ > S2}, 

so 

dfgis) < df{si)+df{s2). 

Consequently, for any t > 0, 

{s > : dfg{s) < 2t} D {s = S1S2 > : d/(si) < t, dg{s2) < t}, 
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which impUes 

(/5)*(2t) < mf{s = siS2 > : < t, dg{s2) < t}. 



Of course, 

so for any fc £ N 



df{f*{t) + -) <t, and dg{g*{t) + -) <t for any /c G N, 



mi{s = siS2 > : < t, dg{s2) <t}< {r{t) + \)g*{t) + \). 



k'-' " ' k' 
We conclude by letting fc go to oo. 

Proposition 12.81 □ 

Proposition 2.9 (Basic Lorentz Space Operations). Let f G L^i'^i and g G L^^'*^, 1 < pi,P2,Qi,Q2 < oo. 
("i) // J- + ^ = i G [0, 11 and J- + J- = i f/ien fg G and 

^ ll/lliPl'"! II.9IIlp2.92. 

(ii) // J- + J- - 1 = i > and J- + i = i </ien / * g G LP'« and 

I / J pi ' P2 p 91 <32 9 J .y ^ 

||/*.g||LP.g ^ ||/||lpi.<J1 ||g||LP2.92. 

(in) For pi G (l,oo), / belongs to ^^^(M") i/ and only if f e LP^'P' . The "norms" of LP^'P' and LP^ 
are equivalent. 

(iv) If Pi G (1, cxd) and g G [gi, oo] then also f G U'^ '^ . 

(v) Finally, ^ L^'°°, whenever A G {0,n). 

Proof of Proposition 12. 9L 

As for (i), this is proved using classical Holder inequality and Proposition 12.81 in the following way: 

oo 



'f*{tf' (i^«^g*(t)''^ t-^)"-- dt 



)qi / oo 

( / t<>'^^g*{tr J 

As for (ii), this is the result in IO'N63[ Theorem 2.6]. As for (iii), this follows by the definition of /*. 
Property (iv) was proven in Proposition [2?2] 
Lastly we consider Property (v). One checks that 

{xgM" : \xf^ > s} = B^_i{0), 



so 



(i-r')*w = c„ t- 



which readily implies 

iii-r^iiLP.== = c„suptp t^", 

t>0 

which is finite if and only if p = j. 

Proposition 12.91 □ 
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As the Lorentz spaces can be defined by interpolation, see Lemma 12.71 by the Interpolation Theorem, 
Lemma [^31 the following holds. 

Proposition 2.10 (Fomicr Transform in Lorentz Spaces). For any / G 5, p G (1, 2), q £ [1, oo] we have 

liriL.',, <Cp||/iu..„ liriL.',, <Cpi|/iu.„. 

Here, ^ + i = 1. 

Proposition 2.11 (Scaling in Lorentz Spaces). Let A > and f E 5(M"). // we denote /(■) := /(A-), 
then 

WfWLp.i = A"~||/||lp.,. 

Proof of Proposition 12.111 

We have that dj{s) = A~"c?/(s) for any s > and thus f*{t) = /*(A"t) for any t > 0. Hence, 

oo oo 

{t^rwy ^ = A-''t I ((A"t)ir(Ai))' ^ = A-^t 11/111,,,. 



We can conclude. 

Proposition 12.111 □ 

Proposition 2.12 (Holder inequality in Lorentz Spaces). Let supp/ C D, where D C 18." is a bounded 
measurable set. Then, whenever oo>pi>p>l, q£[l, oo] 

II/IIlp- < \D\i-^ W/Wlpi. (2.5) 

Proof of Proposition I2.12L 

Denote by x = xd the characteristic function of the set D C K". One checks that 



1 ift<|i:'|, 
ift>|£i|. 



x*it) 

Consequently, 

1 

||x||lp2^5I2 « iZ^jfa whenever 1 < _P2 < oo, (72 £ [IjOo]- 

One concludes by applying Holder's inequality in Lorentz spaces. Proposition [53] (i), choosing q2 = q and 
P2 such that 

1 11 

P2 Pi p' 
using also the continuous embedding L^^ C LP^'°°, 

Proposition 12.121 □ 

2.3 Fractional Sobolev Spaces 

In the following section we will give two equivalent definitions of the fractional Sobolev space = 
H^{W''), s > 0. The first definition is motivated by the interpretation of the Laplace operator as Fourier 
multiplier operator. 

Definition 2.13 (Fractional Sobolev Spaces by Fourier Transform). Let f G L^(R"). We say that for 
some s > the function f G i?" = i7'*(R") if and only if f G i^(M"). Here, the operator At is 
defined as 

Ai f := 

The norm, under which H^{M.") becomes a Hilbert space is 
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Remark 2.14. Observe, that the definition of coincides with the usual laplacian only up to a multi- 
plicative constant, but this saves us from the nuisance to deal with those standard factors in every single 
calculation. 

Remark 2.15. Observe that A^/ is a real function whenever f G iS(]R",M). In fact, this is true for any 
multiplier operator M defined for some multiplier m G C°°(M"\{0} as 

(Af/rO) :=m(.) rO), 

once we assume the additional condition 

m(^) = m(-0 for any ^ £ M"\{0}, (2.6) 

where by ' we denote the complex conjugate. This again can be seen as follows: 

((Af/)^(.))^ -A//. 

Remark 2.16. In Section \2.5\ we will prove an integral representation for the fractional laplacian Ai. 

On the other hand, fractional Sobolev spaces can be defined by interpolation: 

Lemma 2.17 (Fractional Sobolev Spaces by Interpolation). 
(See lTar07\ Chapter 23]) 
Let s G (0, oo). Then 

H'{W) = [H^*'2(R"),W^^'2(R")]e^2, 
with equivalent norms, whenever 9 — G (0; 1) /o^ * < s < j, i, j G Nq. 

Lemma 2.18 (Compactly Supported Smooth Functions are Dense), (see \Tar07\ Lemma 15.10.]) 
The space C^(M") C i?^(R") is dense for any s>0, t. 

Our next goal is Poincare's inequality. As we want to use the standard blow up argument to prove it, we 
premise a (trivial) uniqueness and a compactness result: 

Lemma 2.19 (Uniqueness of solutions). Let f G i/"(M"), s > 0. //At/ = 0, then / = 0. 
Proof of Lemma 12.191 

As / G i/'(R"), /^ exists and /^(^) = |^|"^0 = for almost every ^ G R". Thus, /^ = as L^-function 
and we conclude that also / = 0. 

Lemma \TW\ n 

Lemma 2.20 (Compactness). Let D C R" be a smoothly bounded domain, s > 0. Assume that there is 
a constant C > and fk G -ff*(R"'), fc G N, such that for any fc G N the conditions supp /fc C D and 

ll/fellffs < C hold. Then there exists a subsequence fki, such that fk. '^°°> / G W weakly in , strongly 
in L^(R"), and pointwise almost everywhere. Moreover, supp / C D. 

Proof of Lemma I2.20L 

Fix D C R" and let ry G C^{2D), r/ ee 1 on L». Define the operator 

S : V e i2(R") rjv. 

As D is a bounded subset, S is compact as an operator W^-''^(R") — > L^(R") for any G N and continuous 
as an operator L'^{R") L^^R"). Consequently, LemmaHHfor G = X = L^,Y ^ W^'"^ and LemmaHUI 
imply that S is also a compact operator i/'*(R") — >■ L^(R") for all s G (0,j). As 5* is the identity on all 
functions / G L^(R") such that supp / C -D, we conclude the proof of the claim of convergence in L^ and 
pointwise almost everywhere, which implies also the support condition. Lastly, the weak convergence 
result stems from the fact that H'' is a Hilbert space. 
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Lemma [120] □ 

Remark 2.21. As for weak convergence, one can prove that fk ^ f weakly in _ff''(]R") for some s > 
implies that A2 — >■ A2 / weakly in . In fact assume that fk f weakly in H^iW^) and in particular 
WfkWn^ <C. Forany^^C^iW), 

Aifk j fk Aitp J f Aitp J Aif tp. 

Next, for any w G L^^R") and e C^(R") such that \\w - w^Wl^ < e, 

Ai fkw~ [Aifwl <\ f Aifkw,^ [ AifwA+Ce. 



Thus, letting e go to zero and k to infininity, we can prove weaky convergence of A '^ fk in i^(R"). 

With the compactness lemma, Lemma r2.20l we can prove Poincare's inequality. As in |DLR09[ Theorem 
A. 2] we will use a support-condition in order to ensure compactness of the embedding 7f*'(R") into L^(R") 
(see Lemma r2.20p . This support condition can be seen as saying that all derivatives up to order L|J are 
zero at the boundary, therefore it is not surprising that such an inequality should hold. 

Lemma 2.22 (Poincare Inequality). For any smoothly bounded domain D C R", s > 0, there exists a 
constant Cd,s > such that 

||/||l2(k„) < Cd.s ||At/|U2(R„), for all f e H^(R"), supp/ C D. (2.7) 
If D — rD for some r > 0, then Cd.s = Cjj ^r^ . 

Remark 2.23. One checks as well, that Cd,s — Cf) g if D is a mere translation of some smoothly bounded 
domain D. This is clear, as the operator A2 commutes with translations. 

Proof of Lemma I2.22L 

We proceed as in the standard blow-up proof of Poincare's inequality: Assume (|2.7|) is false and that 
there are functions fk G iJ'*(R"), supp/fc C D, such that 

||/fc||L2(R„) > /c||A^/fe||i2(R„), for every fc e N. (2.8) 

Dividing by ll/fcHiSj-Rn-) we can assume w.l.o.g. that ||/fc||L2(R") = 1 for every /c G N. Consequently, we 
have for every fc G N 

ll/fclli/^CR") -< ||//c|U2(R„) + ||A*/fc||i2(R„) -< 1. 

Modulo passing to a subsequence of {fk)kGN, we can assume by Lemma [^.201 that fk converges weakly to 
some / G i/*(R") with supp / C D and strongly in L^(R"). This implies, that ||/||l2(rti') = 1 and 

l|A5/||i2(R„) <l™inf l|A5/fc||i2(R„) ^0. 
But this is a contradiction, as Lemma [2.191 implies that / = 0. 

li D = rD for some r > 0, we define as usual a scaled function f{x) := f{rx) and use that 

{A^Pj{x) = r' (Aiw)(rx) 

in order to conclude. 

Lemma [2:221 □ 

A simple consequence of the "standard Poincare inequality" is the following 

Lemma 2.24 (Slightly more general Poincare inequality). For any smoothly bounded domain D C R", 
Q < s <t, there exists a constant Co.t > such that 

||A*/|U2(R„) < Co.t ||A5/||i.(R„), for all f G i/*(R"), supp / C D. 

If D = rD for some r > 0, then Cda — Cf) • 
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Proof of Lemma I2.24L 

We have 



< IIM* /'^I|l2(R"\Bi(0)) + II/^I|l2(Si(0)) 

< ||A^/|U. + ||/|U. 

< CD,t ||A^/|U2. 

By scaling one concludes. 

Lemma [2:241 □ 

The following lemma can be interpreted as an existence result for the equation Aaiy^ti-orasa variant 
of Poincare's inequality: 

Lemma 2.25. Let s G (0, n), p € [2, 00) such that 

n — s 1 n — 2s , , 

> - > — . (2.9 

n p 2n 

Then for any smoothly bounded set D C M" there is a constant Cd,s.p such that for any v S iS(M"), 
suppu C D, we have A~2ti g LP(R") and 

I|A"*w||lp(K") <Cd,p,s 

Here, A~2v is defined as (|-| ^u^)^. In particular, if s (0, 

||A"^d||l2(r„) < Cd.s \\v\\l^. 



IfD = rD, then Cd,p,s = r'^--' 
Proof of Lemma I2.25L 

We want to make the following reasoning rigorous: 



\A-iv\\L, ''<°°' Cp ||(A-f^;)^|l^,,„ 



— Cp lll'l v^W^p'^p 

< Cp \\\-r\\^^.^ wv^wl... 
'< Cp \\\-rhi^- 

q>2 

< Cp^s,q ||w|Il,'.2 

Cs,g Cd \\v\\l2. 

To do so, we need to find q E [2, 00) such that (★) holds: 

1-1 £ 
p' q n 

which is possible by virtue of (j2.9l) . Then the validity of (★) follows from ProDOsition l2.9l and we conclude 
scaling as in Proposition 12. 11 1 

Lemma \T^ n 

The next lemma can be seen as an adaption of Hodge decomposition to the setting of the fractional 
laplacian: 
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Lemma 2.26 (Hodge Decomposition). Let f G L^(R"), s > 0. Then for any smoothly bounded domain 
D C M" there are functions ip e H''{R'^), h e L^{W) such that 

snppcp C D, 
A^V^O, for alliP eC^[D), 

R" 

and 

f — A'^ip + h almost everywhere in R". 

Moreover, 

||/;,||i2(R„) + ||At(p||i2(R„) < 5||/|U2(R„). (2.10) 

Proof of Lemma 12.261 

Set 

E{v) := J \A^v - /|^ for v e i?"(R") with suppi; C D. 

Then, 

\\Aiv\\l.^^.)<2E{v) + 2\\f\\l.^^„y (2.11) 

As D is smoothly bomided, Poincare's inequahty, Lemma r2.221 implies for any v e H^{W"-) with suppw C 
D 

\\vrHs<CsMEiv) + \\f\\hiM'^))- 

Thus E{-) is coercive, i.e. for an £^(-)-minimizing sequence {ipk)kLi i/'*(M") with supp^s^ C D we can 
assume 

llV'fell^f. < C{EiO) + ||/||i2(R„)) - 2C||/||i2(R„), for every k e N. 

By compactness, see Lemma [2.201 up to taking a subsequence of fc — > oo, we have weak convergence of 
ipk to some If in iJ*(R") and strong convergence in L^, as well as supp^s C D. 

E{-) is lower semi-continuous with respect to weak convergence in iJ^(R"), so is a minimizer of E{-). 
If we call h := Ai(p — /, Eulcr-Lagrange-Equations give that 

J h A^V' = 0, for any V e C^{D). 

R" 

Estimate ^^HA} for and the fact that ||/i|||2 = E{ip) < E{0) imply ^JU\i. 

Lemma \T26\ n 

Remark 2.27. Ln fact, h will satisfy enhanced local estimates, similar to estimates for harmonic function, 
see Lemma \5.11\ 

2.4 Annuli-Cutoff Functions 

We will have to localize our equations, so we introduce as in [DLR09I a decomposition of unity as 
follows: Let 77 = rf e (7^(^2(0)), 77 = 1 in Bi(0) and < < 1 in M". Let furthermore rj^ S 
(7^(^2(0+1 (0)\B2^-i(0)), fc e N, such that < ry*^' < 1, E^o = 1 pointwise in R" and |V*?7'=| < Cj2-'=^ 
for any i e Nq. 

We call ?7r x •= '7'^("i^)> though we will often omit the subscript when x and r should be clear from the 
context. 

For the sake of completeness we sketch the construction of those rf : 

Construction of suitable cutoff functions. Firstly, pick rj = rf ^ C^(i?2(0)), ry = 1 on, say, BsifS) and 
ri{x) £ [0, 1] for any x e M". We set for fc G N, 

(fc-l \ k-l 

i-E^'(-) E^ls)- (2.12) 
;=o / 1=0 

Obviously, rj^ is smooth and we have the following crucial properties 
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(i) e C^{B2k+i{0)\B2k-i{0)), if fc > 1, and 

(ii) X]f=o = 1 in B2k{0), for every fc > 0. 

Indeed, this can be shown by induction: First, one checks that (i), (ii) are true for fc = 0, 1. Then, assume 
that (i) and (ii) hold for some positive integer fc — 1. By (ii) we have that 1 — X]f=o^ ?7/ = in i?2fc-i(0) 
and (i) imphes that J2'i=o (2) ^ ^ K"\i32fc-i+i2- This imphes (i) for fc. Moreover, 

k k-l / k-l \ k-l 

1=0 1=0 \ 1=0 / ;=o 

By (ii) for fc — 1 on B2k-i2 — i?2'« the sum X]f=o^ (2) identicahy 1 so (ii) holds for fc as well. 
Consequently, by induction (i) and (ii) hold for all fc G No. It is easy to check that also < 77^ < 1. 
Moreover, one checks that | < (7^2^*^* for every i e Nq: In fact, if we abbreviate ij:^ :— X]f=o '7*^' 

have of course 

It is enough, to show that [VV*^! < Ci2^'"-: We have 

v>'==v''i+(i-v/-^)(-) ^'"'Q-)- 

By property (ii) we know that t/i*^ = 1 in i?2'= and 7/;'^ = in W-\B2k+i, so the gradient in those sets is 
trivial. On the other hand, in B2k+i\B2k we know that 1/;'^^^ = 0, by property (i), hence ip'^ — V''°~^(^-) 
in this set. This implies 

By induction one arrives then at |V*7/''^| < 2~'^*||V'?7°||l~- □ 

We want to estimate some L^'-Norms of A^ry^^.. In order to do so, we will need the following Proposition: 

Proposition 2.28. (Cf. \Gra08[ Exercise 2.2.14, p. 108]) 

For every g G 5(M"), p G [1, 2], s > 0, —00 < a < < (3 < 00, we have 

||(A45)^||iP(R.) < Ca,;3,p (|iA^g||i2(R„) + ||A^5||i2(R„)) . 
Proof of Proposition I2.28L 

Set q := We abbreviate / := (Atg) and set / = /i +/2, where /i = /xbi(o)- Here, XBi(o) denotes 
as usual the characteristic function of i?i(0). Then fi{x) = |a;|"/i(a;) |x| " and hence 

|l/l(a;)llLP(E") < IIM" /i||l2(Bi(0)) IIM "IIl9(Bi(0)) 
qa<n 

< C'a|||-r/llL2(Si(0))- 

The same works for /2, using that q(3 > n. Consequently, one arrives at 

||/||lp(E") < C'q,/j,p(|||-|"/||l2(r„) + ||M'^/||l2(js.„)). 

Replacing again / = (Aig)^ and using that |-|"(At(;)^ = (A^"^)^, [-[^(Aig)^ — {A^T~g)^ and then 
applying Plancherel Theorem for L^-functions, one concludes. 

ProvosiUon WIE\ n 

Proposition 2.29. For any s > 0, p G [1,2], there is a constant Cs,p > 0, .such that for any fc G Nq, 
X G M", r > denoting as usual p' :— ^j^j, 

II {A^':^,f |U.(R„) < Cs,p i2^rr+V. (2.13) 

In particular, 

l|A^<JLy(R„) < C.,p (2V)-^+5^. (2.14) 
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Proof of Proposition I2.29L 

Fix r > 0, fc e N and x £ R". Set fi{-) :— r]^ ^{x + 2^r-). By scaling it then sufBccs to show that for a 
uniform constant C^^p > 

||(Atf))''|Up(R„) <a,p. (2.15) 
First of ah, for any i G N there is a constant Ci > independent of r, x, k such that 

In fact, by the choice of the scahng for fj, we have that suppry C ^2(0), jV^Ty] < Ci for any 1 < j < i- 
Consequently, as for any a, (3 > the spaces and H"^^ are by Lemma 12.171 (equivalent to) the 

interpolation spaces [L^(]R"), H^*'^(IR")]e_2, for some i = ia,i3 G N and 9 £ (0, 1), we have for any a, /3, s > 

ll?7lli/=+° + \\v\\h-+^ < Ca,p.s\\ii.\\w-.^R") (2-16) 

But by Proposition 12.281 for some admissible a,P > (depending on p; in the case p = 2 we can choose 
a = 13 = 0), 

||(At77)''|Up(R„) < C„,/3,p(||A^ry|U2 + ||A^r)||i2) 

< Ca,fi,p {\\fi\\H^+'' +\\v\\H^ + f>) 

Consequently, we have shown (|2.15p . and by scaling back we conclude the proof of (|2.13l) . Equation 
(j2.14p then follows by the continuity of the inverse Fourier-transform from to whenever p £ [1,2], 
see Proposition [2TT0I 

Provosttion WI^ n 

One important consequence is, that in a weak sense A^P vanishes for a polynomial P, if s is greater 
than the degree of P: 

Proposition 2.30. Let a be a multiindex a = (ai, . . . ,a„), where at £ No, 1 < i < n. If s > such 

n 

that \a\ ~ J2 ^ then 



lim / rjnx" A^(p = 0, for every ip £ iS(M"). 

-R— i-oo J 



Here, x"' := (a;i)"i • • • (x„)"" . 

Proof of Proposition 12. 301 

One checks that for some constant c^, 

x"V = Ca(a"V'')'' for aU ?A G 5(R"). (2.17) 

This and the fact that for any ip £ iS(M") we have also tp^ G 5(M") and x'^-ip £ iS(M") implies (using as 
well integration by parts) 



|/3|<|q 
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where ma,i3.s G C°°(R"\{0}) is some zero multiplier. Denoting by M^^i^^s the respective Fourier multiplier 
operator with multiplier nia^p^s we arrive at 

R" \P\<\a\ Kr. 

In particular, this is true for := rjn, and we have for any pG(l,2),i?>l, 



I fl ,, II , , . °-l°l+lg II 

-< sup l|a;'^VllLP(R") ll^ia,/3,sA 2 77fll|ip'(R„-, 

l<9|<|a| 

^ II . ^-I^l + li^ II 

-< Ca,v,p,s sup II A 2 77i?||ip'(R„) 

|/3|<|a| 

pDI ^-.+|.|+^_ 

Here we used as well that multiplier operators such as Ma^p,s map U' into continuously for p' G (1, oo) 
by Hormander's theorem |Hor60| . As \a\ < s, we can choose p' G (2, oo) such that — s + jaj + ^ < 0, and 
taking the limit ii ^ cxd we conclude. 

Proposition 12.301 □ 

Remark 2.31. One can even show, that 

\\Ai {rjr,ox")\\ LP (R'-) < Cs^p r""+l"l + t for any p e [2,oo], \a\ < s, r > 0. 

This is done similar to the proof of Provosition 1 2. 2^ First one proves the claim for r = 1, then scaling 
implies the claim, using that 

77,,o(x)a;" =rl"l77i,o(r-ia;)(r-i:r)". 

Remark 2.32. We will use Provosition \2. 30\ in a formal way, by saying that formally A^x" ~ whenever 
\a\ < s. Of course, as we defined the operator Ai on L^-Functions only, this formal argument should be 
verified in each calculation by using that 

lim A*(r;flx") = 0, 

where the limit will be taken in an appropriate sense. For the sake of simplicity, we will omit this recurring 
argument. 

2.5 An Integral Definition for the Fractional Laplacian 

A further definition of the fractional laplacian for small order without the use of the Fourier transform 
are based on the following two propositions. 

Proposition 2.33. Let s G (0, 1). For some constant Cn and any v G 5(M"), 

Aiv{y)=cn f^^}^^^^ dx foranyyeW\ 

Proof of Proposition 12.331 

It is enough to prove the claim for y = 0. In fact, denote by Ty the translation operator 

Tyv{-) := v{- + y). 



18 



Then, as any multiplier operator commutes with translations, assuming the claim to be true for y = , 



Aiv{y) = Ai{Tyv){0) 

TyV{x) - TyV{0) 



1x1"+^ 



dx 



Cr. 



v{x + y) - v{y) 



\xr+' 



fv(x)-v{v) 



\x-y 

IK"- 

where the transformation formula is valid because the integral converges absolutely as s G (0, 1). 
So let y = 0, w G 5(R"). For any i? > 1 > e > we set 

VR ■nRfl-, and 774^ = 774^,0. 
and decompose w = wi + U2 + + W4 as follows: 

V = r74e(w-w(0)) + (l-r74e)(v-w(0))+w(0) 

=: vi + V2 + V3 + Vi, 

that is 

Vl = 774£(W - w(0)), 

V2 = 77fl(l - 774e)(w - w(0)), 

V3 = vrv{Q), 

VA - (l-r;fl)[(l- 774e)(^'-w(0))+i;(0)] 

- (1 -r;fl)[(l -774e)i' + ??45t'(0)]. 

Observe that Vk G iS(M"), k — \ . . .A, and in particular A^Vk is well defined in the sense of Definition 
So for any ip G (52^(0)) 

A^w V3 = /i +/2 + /3 +-^4, 



where 

Ik := y Att^fe fc = 1,2,3,4. 
First, observe that by the Lebesgue-convergence theorem. 



lim/4=lim / (l-7/fl)[(l- 774.)w + ?74eX'(0)]A^(^ = 0. (2.18) 



By Proposition 12.291 more precisely using (I2.14p for p' ~ 00, 

|/3H|l'(o)|||^||Lli^-^ 
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so 



lim I3 = 0. (2.19) 

-R->oo 



As for V2, 



The last equality is true, as supp(t;2 * (fi) C W"'\B^{0) and (see [GraOSl Theorem 2.4.6]) 
ICr ^"(0 = c„ y l^r"-^ ^(y) dy, for any ^ e C^f (R"\{0}). 

Consequently, as the integrals involved converge absolutely, Fubini's theorem implies 

, ^ V2{x - y) 
\x\ 

/,./", , ^^v(x ~ y) — v(0) 
^{~y) / Vr[x - y)[l - me[x - y)) — — dx dy. 

By Lebesgue's dominated convergence theorem, 

/r v(^x — y) — t^(0) 
fi-y) / - Visix - y)) [3^1+3 ^^2; dy 



R^oc 



\x\ 

AS. 



Cn y" fi-y) J (1 - ry4e(a; - y)) 



ti(a:; — y) — f (0) 



(2.20) 



1x1"+^ 



da; dy. 



Together, we infer from equations (|2T8)) . (l2T9l) and ((2?20l) that for any e £ (0, 1) and any ip S C^(B2e(0)), 
A^u = J ri4^{v ~ v{0)) Aiip 

R" 

+Cn / ^(-y) / (1 - f74e(a; - y)) — -jxj dx dy. 



We choose a specific tp := we "?7e, where w > is chosen such that 

^= / 1^1 = 1. (2.21) 



The function A°^v is continuous because for v G iS(M") in particular (As?;)^ g L^(R"). Consequently, 

lim / A^v in = A^w(O). 

It remains to compute the limit e — )> of 

7:= / 7;4e(v-w(0)) Aiv?, 
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and 



As for /, by Proposition 12. 291 that is (j2.14p for p' = oo, applied to ip, 



As s < 1, this imphes 
As for //, we write 



-< e 



\viy)-vm dy 



hm J = 0. 

£->-0 



, , , , , , v(x — y) — v(0) 

i;(a;) - i;(0) 
-r?4£(x - y) '^(-2/) — — r+j — 
\x\ 

, , ,^ / XX v(x — y) ~ v(x) 



= : Ml + M2 + M3. 

By choice of (p, and by Fubini's theorem which is applicable as all integrals are absolutely convergent, 

Ml dy dx ^ I ^^^^ .n+s^^ 



Moreover, using (j2.2ip 



\ii2\ dy dx <\\Vv\\l^ f —^r—^dx^e'^ 
J \x\ 



Bioc(O) 



and 



|m3| dy dx ^ e ||Vw| 



I n+s 



dx ^ e 



As a consequence, we can conclude 



11111//= i^Mz^dx. 



in+s 



Proposition 12.331 □ 

If s G [1,2) the integral definition for Ai in Proposition 12.331 is potentially non-convergent, so we will 
have to rewrite it as follows. 

Proposition 2.34. Let s e (0,2). Then, 
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Remark 2.35. This is consistent with Proposition \ 2. 34\ In fact, if s £ (0,1) 

v{y + x) - v{y) ^ f v{y - x) - v{y) 



just by transformation rule and the symmetry of the kernel ^^^n+s ■ For this argument to be true, the 
condition s G (0, 1) is necessary, because it guarantees the absolute convergence of the integrals above. 

Proof of Proposition 12.341 

This is done analogously to Proposition 12.331 where one replaces v{-) by v{-) + v{—-) and uses that 

(Ai«)(0) = i(At(«(-.))(0) + Ai(z;(.))(0)). 
Then, the involved integrals converge for any s £ (0,2), as 

\vix) + v{-x) - 2v{0)\ < llV^wllioo \xf. 



Proposition 12.341 □ 



Proposition 2.36. For any s G (0,2), v,w e 5(M") 



{v{x) - v{y)) {w {y) ~ w{x)) 
V - l/T 



A^v w = Cn I I ^ dx dy. 



Proof of Proposition 12.361 

We have ior v,w 5(R"), x G K" by several applications of the transformation rule 



{v{y + x) + v{y -x)- 2v{y)) w{y) dy 

v{y + x)w{y) + v{y) w{y + x) — v{y)w{y) — v{y + x)w{y + x) dy 
v{y + x) {w{y) - w{y + x)) + v{y) {w{y + x) - w{y)) dy 
= j {v{v + x) - v{y)) {w{y) - w{y + x)) dy. 

As all involved integrals converge absolutely and applying Fubini's theorem, 



(2.22) 



A^v{y) w{y) dy 
p \TM f f {v{y + x) + v{y - x) - 2v{y)) w{y) 



\xr+' 



dx dy 



_ f f {vjy + x)+ v{y - x) - 2v{y)) w{y) 

- c^J J „+3 dydx 

IMl f f {v{y + x) - v{y)) {w{y) - w{y + x)) 

- cr^j j dydx. 

R" R" 

Proposition 12.361 □ 

In particular the following equivalence result holds: 
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Proposition 2.37 (Fractional Laplacian - Integral Definition). Let s G (0,1). For a constant c„ > 
and for any v G 5(M") 

\ v{x)-v {y)f 



||i2(R„) = c„ / / — j^q^ dx dy. 



In particular, the function 



\x - y\ 

belongs to ^^(R" x R") whenever v £ iJ"(R"). 

Next, we will introduce the pseudo-norm [v]d,s, a quantity which for s G (0, 1) actually is equivalent to 
the local, homogeneous ff'^-norm, see (Tar07] . |Tay96| . But we will not use this fact as we will work with 
s = ^ for n € N, including n € N greater than 4. Nevertheless, we will see in Section [8] that [fjcf is 
"almost" comparable to || Atw||^2(£,). 

Definition 2.38. For a domain D C R" and s > we set 



{[u]d,s) / / ■ ,„+2(..-[.j) dz2 (2.23) 

|zi-Z2| 



D D 



if s ^ No- If s (^No we just define [u]d,s = ||V''u||i2(£)-). 

Remark 2.39. By the definition of [■]d.s it is obvious that for any polynomial P of degree less than s, 

[v + P]d,s = [v]d,s- 

3 Mean Value Poincare Inequality of Fractional Order 

Proposition 3.1 (Estimate on Convex Sets). Let D be a convex, bounded domain and 7 < n + 2, then 
for any G C°°(R"), 

\v{x) - viy)]" 



\x - 

D D D 



dx dy < Cd.-j J |Vw(z)|^ dz. 



= 0, the constant Cd,i — Gn \F)\ diam(I?)'^ 

Proof of Proposition 13. IL 

By the Fundamental Theorem of Calculus, 



'"("^-y & dy 



\x-y\' 

D D 

f f f \Vv(x + t(y-x))\^ , , , 

t^O D D 
1 

Iff \yvix + t{y-x))\^ , , , 

t=0 D D ' ^' 



\x — y\ 

Using the convexity of D, more precisely using the fact that the transformation x t-^ x + t{y — x) maps 
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D into a subset of D, 



< / / / (1 _ ^yn ^ 

' ' ' (l-t)2-7|z-yp-2 V ; y 



t=0 D D 

1 



t-dzdxdt 



t=i D D 



~< / \VV{Z)\' / |z-Z2r"^ dz2 dz 



D D 



^ / |Vt;(z)|' dz. 

D 

Proposition 13.11 D 

An immediate consequence for 7 = is the classic Poincare inequality for mean values on convex domains. 

Lemma 3.2. There is a uniform constant C > such that for any v G C°°(M") and for any convex, 
bounded set L) C M" 



\V - {v)d\^ < C {dmMD) f \\Vv\\l.(j,y 

In the following two sections we prove in Lemma l3. Gl and Lemma |3 . 1 1 1 higher (fractional) order analogues 
of this Mean-Value-Poincare-Inequality, on the ball and on the annulus, respectively. More precisely, for 
77^ from Section [231 we will only show that 

I|A4(??^i')||l2(r„) ^ ||A*i;||i2(R„), 

if V satisfies a mean value condition, similar to the following: For some TV e No and a domain D C M" 
(in our example e.g. D = suppr;^' and N = [s] — 1) 

■j d^v = 0, for any muhiindex a £ (No)", |a| < N. (3.1) 

D 

The necessary ingredients are not that different from those in the proofs of similar statements as e.g. in 
|DLR09| or jGMOSl Proposition 3.6.] and can be paraphrased as follows: For any s > 1 we can decompose 
A2 into A2 oT for some t G (0,1) and where T is a classic differential operator possibly plugged behind 
a Riesz-transform. So, we first focus in Proposition 13.51 on the case Ai where s G (0, 1). There we first 
use the integral representation of A 2 as in Section 12.51 and then apply in turns the fundamental theorem 
of calculus and the mean value condition. 

3.1 On the Ball 

We premise some very easy estimates. 

Proposition 3.3. For s G (0, 1), there exists a constant Cs > such that for any x G Br{xQ) 

1 



I \n+2s-2 



dy <Cs r 



2-2s 



and 



I 



\x — y\ 



^ ^„ dy < Cs r■-2^ 
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Proof of Proposition 13.3 

We have 



\x — y\ J \z\ 

BA^o) B2,.(0) 

(2r) 



and 



J \x-yr+'' ^ - J ur 

(2r) 



la; — y\ 



, „ dz 

n+2s 



Proposition 13.31 □ 



Proposition 3.4. Let 7 e [0,?i + 2), N e N. T/ien /or a constant Cn,-^ and for any v £ C°°(M") 
satisfying (j3.ip on some D = Br C K", 



|a; - y\'' 

Br Br Br Br 

Proof of Proposition 13. 4L 

It suffices to prove this proposition for i3i(0) and then scale the estimate. So let r = 1. By ProDOsition l3.1 

M^i^^d, dx 



Bi Bi 



\x-y\' 



-< I \Vv{z)f dz 



B 



J \Vv{z)~ {\7v)B,f dz 



B 



^ J J - Vw(z2)r dz dz2 

Bi Bi 



Iterating this procedure A'^ times with repeated use of Proposition 13.11 for 7 = 0, we conclude. 

Proposition 13.41 □ 

Proposition 3.5. For any N G No, s £ [0, 1) there is a constant Cn,s > such that the following holds. 
For any v £ C°°(K"), r > 0, xq € R" such that (13.11) holds on D — B/^rixo) we have for all multiindices 
a, /3g (No)", \a\ + \l3\^N 



MB4.r{xa).N+s- 



Proof of Proposition 13. 5L 

The case s — follows by the classic Poincare inequality, so let from now on s £ (0, 1). Set 

w{y) := {d'^r,r{y)){d^v{y)). 
Note that supp w C i?2r- Moreover, by the definition of rjr, we have 

\w\ < Ca r-l"l|(9'^w| < CArrl'^l-^la'^wl. (3.2) 
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By Proposition 12.371 we have to estimate 



w{x) - w{y)\ 



2 



W^'^^Wh « / / \l _y\n+2s' dx dy 



\x - y\ 



\w{x) — w{y)' 



n+2s dx dy 



\x — y\ 

w{x) -w{y)f 
^7+2^ dx dy 

B B 

+2 I \w(y)\' I _ dxdy 

Bir R"\S4r 

/ + 211. 



To estimate //, we use the fact that suppw C B2r and the second part of Proposition 13.31 to 
|//| ^ r-2^y \w{y)\^ dy 

B4r 



dy 



Bir 
Bir- 

^ ^2m-N-s)-n j j \df^y{^y)-d^v{x)\^ dy dx. 

As d^v satisfies for N ~ \l3\, by Proposition EH for 7 = 0, 

Idl^viy) ~ d'^v{x)\'^ dy dx -< r^^^^l'^D J J \V^v{y) - V^v(x)f dx dy. 

B^j- B^-i- B^j- B^j- 

Furthermore, we have for x,y G B^r 

which altogether imphes that 
In order to estimate /, note that 

\w{x) - w{y)\ 

< liaVIU- \d^v{^) - d^v{y)\ + \\Vd"r]r\\L^ \x - y\ \d^v{y)\ 
r-\"'\\d'^vix)-d^viy)\+r-\"\-^\x-y\ \d^viy)\. 
Thus, we can decompose |/| -< \Ii \ + Ih] where 

\d^v{x) — d^v{y)''^ 

B^j- B^- 
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and 



^2(|/3|-JV-l) 



d^v{y)\ 

^^2+27 dx dy 



\x - y\ 



-< r2(l^l-^)-2- I \d^v{y)\^ dy 
^ ^2m-N)-in+2s) I I \dPviy)-df'v{z)\' dydz. 
Using again that d'^v satisfies (I3.ip for N — on B^r, by Proposition 13.41 for 7 = n + 2s 



|/l| -< 



|V^u(a;) - V^u{y)\^ dx dy 



-641- B^j- 
iN 



and the same for I2. This conchides the case s > 



\x " y\ 



n+2s 



dx dy, 



Proposition 13.51 □ 



Lemma 3.6 (Poincare inequahty with mean value condition (Ball)). For any N e No, s £ [0, + 1), 

t Cz [0, iV + 1 — s) there is a constant CN,s.t such that the following holds. For any r > 0, G M" and 
any v € C°°(K") satisfying p.ip for N and on D = B^rixo), we have 



s+t 



Proof of Lemma 

We have 



for 



7 = 

S = 

K = 



< Csj r*||A 2 w||i2(R„). 

s - Ys\ e [0, 1), 



L.sJ-2 



2 

eNo. 



G{0,1}, 



More precisely, if (5 = 1 (cf. Remark l2.14p . 



A* = c„7^,A2 9,A^, 



and if (5 = 0, 



A5 =c„A*A^. 

As the Riesz Transform TZi is a bounded operator from into we can estimate both cases by 



Q,/3e(No)" 
a| + |^l|=2/f + « 

This and Proposition 13.51 implv 
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If t = this gives the claim. So let now t > 0. If s G N, we have by the mean value property (which 
holds for Vv as s < N + I, so s < N) 

J J \x-y\ 

So for every s > we have 

If [sj = [s + t\ , this implies using \x — y\ >- r ioi x,y ^ B^r, 

["TBir(xa),S ^ ^^*Hs4r(2:o),S + f 

If [sJ < [s + ij < iV, VL^Jt; satisfies the mean value condition p.ip up to the order iV — [sJ > 1 as 
[sJ < N. 

With this in mind one can see, using Proposition 13.41 if s + i > [s + ij 
or else if s + t = [s + t\ 

[v]B4r{xB),S < ?-*Hs4.(xo),S+t- 

In the former case, we can again use that |a; — ?/| y r for any x,y £ B^r to conclude. 

Lemma 13.61 □ 



Remark 3.7. By obvious modifications of the proofs, one checks that the result of Lemma \3.6\ is also 
valid if V satisfies p.ip on a ball Bxr for A G (0,4). The constant then depends also on A. 

3.2 On the Annulus 

In order to get an estimate similar to Proposition 13. II on the annulus, Proposition 13 . lOl we would like to 
divide the annulus in finitely many convex parts. As this is clearly not possible, we have to enlarge the 
non-convex part of the annulus. 

Proposition 3.8 (Convex cover). Let A = B2\Bi{0) or B2\Bi{0). Then for each e > there is 
X = Xi, > 0, M — e N and a family of open sets Cj C M", j S {!,..., M} such that the following 
holds. 

• For each j e {1, . . . , M} the set Cj is convex. 

• The union 

M M 

B2\Bi C U Q C B2\Bi^, or B2\Bi C |J Q C B2\Bi_„ 

respectively. 

• For each i,j £ {1, . . . , M} such that Ci Cl Cj ^ $ 

conv (C^ U Cj) C S2\Bi_e or conv (C^ U Cj) C B2\Bi_^, 

respectively, where conv {Ci U Cj) denotes the convex hull of Ci U Cj. 

• For each x,y € A, at least one of the following conditions holds 
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(i) \x — y\> \ or 
(a) both x,y e Cj for some j . 



Proof of Proposition I3.8L 

We sketch the case B2\Bi. Fix e > and denote by 

§ := {a; £ K" : 



For r > and a; 6 § we define 



Sr{x) ■.^^r\Br{x). 



For any r > we can pick {xk)^^i C S, such that {Sr{xk)}^Li covers all of S where M = G N is a 
finite number. We set Sk ■= S2r{xk)- If r = > is chosen small enough, one can also guarantee that 
the convex hull conv (5*^ U Si) for every fc, / e {1, . . . , Af} with Sk fl 5; 7^ is a subset of Bi\Bi_^. 
The sets Cj are then defined as 

Cj — conv [{x G R" : |a;| < 2, x = ay for a > 1 and y £ Sj}) . 

They obviously satisfy the first three properties. 
In order to prove the last property, note that 



\x-y\> 



x_ y_ 

\v\ 



for all a;, y e B2\Bi. 



> Xr 



So assume there is x,y £ B2\Bi such that {a;, y} <^ Cj for all j = 1, . . . , M . But this in particular implies 
that for some k = 1, . . . , M, j|j G Sr{xk) but ^ S2r{xk)- In particular, for a constant A = only 
depending on r and the dimension n, 

' y_ x_ 

\y\ \A 

Proposition 13.81 □ 

Proposition 3.9. Let A ~ B2\Bi{0) or B2\Bi{Q). Then for any e > 0, there exists a constant C^ > 
so that the following holds. For any v S C°°(IR") 



\v{x) - v{y)\^ dx dy<Ce I \Vv\^{z) dz, 



A A 



where A — _B2\^i-e(0) or B2\Bi_^{0), respectively. 

Proof of Proposition 13. 9L 

By Proposition 13.81 we can estimate 



\v{x) — v{y)\ dx dy 



A A 
M 



M 

li i = j we have by convexity of Ci and Proposition 13. II 



kj < Cc, J |Vwr(z) dz<Ce J |Vwr(z) dz. 

Ci A 
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If i and j are such that Ci fl Cj ^ 



< I I \v{x) - v{y)f dx dy 



con V ( Ci U Cj ) con V ( Ci U Cj ) 



|2 



P 



conv(CiUCj) 



Finally, in any other case for i, j, there are indices ki £ {!,..., M}, I = 1, . . . ,L, such that ki = i and 
k^ = j and Cfc, fl Cfc,^j 7^ 0. Let's abbreviate 



{v)k := -/- u. 

JCk 



With this notation, 



\v{x) — v{'y)\^ dx dy 



Ci c. 



< Cm 



H^) - i'v)]? + X! " + -'v{y)\^ dx dy 



1=1 



\c. c, 
l=i 

So we can reduce this case for i, j, to the estimates of the previous cases and conclude. 

Proposition 13.91 □ 

As a consequence we have 

Proposition 3.10. Let A S2\-Bi(0) or B2\Bi{0). Then for any e > 0, 7 e [0, n + 2) there exists a 
constant C^^^ > so that the following holds. For any v £ C°°(]R") 

|2 



/ dx dy < C.^, I \Vvi^)\^ dz. 



A A 



where A = i32\Si-e(0) or B2\Bi_^(0), respectively. 

Proof of Proposition I3.10L 

By Proposition 13.81 we can divide 



M^l^^dxdy 



\x - y\ 

A A 

^ E / / '"^gZy dx dy + X-^II \vix) - viy)\^ dx dy. 

i=^Cj Cj A A 

These quantities are estimated by Proposition 13.11 and Proposition 13.91 respectively. 

Proposition 13.101 □ 

As a consequence of the last estimate, analogously to the case of a ball, we can prove the following 
Poincare-inequality: 
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Lemma 3.11 (Poincare's Inequality with mean value condition (Annulus)). For any N e No,, s G 
[0, t G [0,A^ + 1 — s) there is a constant CN,s.t such that the following holds. For any v G C°°(]R"), 

xq G M", r > such that v satisfies p.ip for N on D ~ A}^ ~ B2k+ij.{xQ)\B2k-ir{xo) or D = Ak = 
B2k+ir{xo)\B2kr{xo) wc have 

l|A*(r;,^,,„^;)|k.(K.)<C,,t (2V)* 

where 

Ak = B2k+2^{xo)\B2k-2^{xo). 

Proof of Lemma 13. Ill 

The methods used are similar to the case of the ball, cf. in particular the proof of Proposition 13.51 and 
Lemma [3.61 We only sketch the case t — 0. 

One picks an open set E, suppyy^ C E C Ak, such that dist(9i?, supp ?7^') G (0,e) and dist{E,dAk) > 0, 
for very small e > 0. As in the case of a ball, one can reduce the problem to essentially estimate 



\d'^v{x) — d^v{y)\'^ 

I in+2s 
EE 

|2 



dx dy, 



\di^v{x)\ 



dx. 



£.n+2s 
supp T}^ 

for some multiindex \f3\ < N. Applying the mean value condition (13.11) and Proposition 13.101 these 
integrals are estimated by 

''\Vd^v{z)\' dz 



/I 



for some E C E C A^, where E is a bit "fatter" than E. Iterating this (and in every step thickening the 
set i? by a tiny factor e) until we reach the highest differentiability, we conclude. 

Lemma 13. Ill □ 

Remark 3.12. Again, one checks that the claim is also satisfied if v satisfies p.ip on a possibly smaller 
annulus, making the constant depending also on this scaling. 



3.3 Comparison between Mean Value Polynomials on Different Sets 

For a bounded domain D C M" and G Nq and for v G 5(]R") we define the polynomial P{v) = Pd,n{v) 
to be the unique polynomial of order A^ such that 

j d^'i^v- P{v)) = 0, for every multiindex a G (No)", |a| < A^. (3.3) 

D 

The goal of this section is to estimate in Proposition 13.161 and Lemma 13.181 the difference 

Pb^{x),n{v) - PB^k^Xx)\B^k^^^{x),N{v), for fc G Z 

in terms of A^u. To do so, we adapt the methods applied in the proof of jPLROQl Lemma 4.2], the main 
difference being that we have to extend their argument to polynomials of degree greater than zero. 
We will need an inductive description of P{v). First, for a multiindex a = (ai, . . . , a„) set 

al ■.= ail...a„l = d"x°'. 

For i G {0, . . . , N} set 
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One checks that 



QaQ^ ^ gap ^^enever \a\>i, 



(3.5) 



and in particular Q'^ = P. 

Moreover we will introduce the following sets of annuli: 



A J = A J (r) = r\B2:i - 1 , Aj= A J (r ) : = U Aj+ 1 . 

Proposition 3.13. For any iV G N, s G {N, N + 1], D C D2 C M" smoothly bounded domains there is a 
constant Cd2,d,n,s such that the following holds: Let v £ C°°(R"). For any multiindex a £ (No)" such 
that \a\=i<N -1, 



Do 



< C 



5"(t'-%+]vM)-(9"(«- 

diam(i:i2)*+""^ 



\D2_ 
\D\ 



mD2,s 



where [v]d.s is defined as in (|2.23l) . 

IfD = rb, D2 = rD2, then Cd2,d,n,s = r^'-'Cf,^ q ^ , 



Proof of Proposition I3.13L 

Let us denote 

/ : 



5"(«-qS:]v)-(5"(^^-q'^]vM))^ 



-D2 



A first application of Holder's and classic Poincare's inequality yields 

I<Cd.,D2 l^2p ||V5"(«-Q^+]v)|U.p,). 

Next, p.Sp and the definition of P in p.3p imply that we can apply classic Poincare inequality N ~ i — 1 
times more, to estimate / by 

7N1 



< Cd2.D,N \D2\-'- \\V'\v-Pd,n{v))\\l2(D2) 



^ Cd2,d,n ||V^z;-(V^«)^|U.p^ 



If s — + I, yet another application of Poincare's inequality yields the claim. In the case s G (A^, A^ + 1), 
we estimate further 



I < Cd2.d. 



N 



\D\ 



V^v{x) ~W"v(y)r dx dy 



which is bounded by 



C, 



D2,DM 



\D\ 



7i + 2{s-N) 

diam(_D2) ^ 



v{x) - viy) 



\x-y 



n+2{s-N) 



dx dy 



The scaling factor for D = rD then follows by the according scaling factors of Poincare's inequality. 

Proposition 13.131 □ 

Proposition 3.14. For any A^ G Nq, s G (A^, A^+ 1], there is a constant Cn,s > such that the following 
holds: For any j G Z, any multiindex \a\ < i < N and v G C°°(R") 



go 



\ / L°°(Aj) 
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Proof of Proposition I3.14L 

Assume first that i = N. Then if s G (iV, iV + 1), 



V (2Jr)^-l"l 



1 



1^. 



V^'y(a;) - V'^t;(2/)| dx dy 



V^v{x) - V'%(y)r dx dy 



If s = N + 1 and i = N, one uses classic Poincare inequality to prove the claim. 

Now let J < iV — 1, s e (N, + 1], and assume we have proven the claim for i + 1. By p.4p . 

Qa, - Qa,+i 

= Qa'-QaL 



Consequently, 



|/3|=» 



y- 



WkQ\-QXd\\L-iA,) 



Then the claim for i + 1 and Proposition 13 . 131 conclude the proof. 



Proposition 13.141 □ 



Proposition 3.15. For any N G No, s G {N,N + 1] there is a constant Cn.s such that the following 
holds. For any multiindex a G (No)", la] < i < N, for any r > 0, fc G Z and any v G iS(M") if 
s-'j^{t,...,N}, 

and if s ~ ^ E {i, ■ . ■ , N], 

WiQk-QAML^iA,) 

< Cn^s r"-l"l-t 2'=(*-l"l) (|fc| + 1 + 2'^-(^-*-t)^ [v]m_^,s- 
Here as before, Ak = B2kr{x)\B2k-ir{x) and Ak — B2k+ir{x)\B2k-ir{x). 
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Proof of Proposition I3.15L 

For the sake of shortness of presentation, let us abbreviate 



Assume first i — N. 



jN,, 



E 



\I3\=N 



A 



7N„ 







1— — 00 



As 



1^ = 2'"(1 - 2-") and thus = 1, for fc > we estimate further 



Z— — oo 



jN,a 



A 

N „ 



/ — — OO j — l 



(★) 



fc-l 

(2V)^-I"l ^ 2'"^(2^r)-" 

/ — — OO j — l 



N„ 



Of course, if s = iV + 1, one replaces the estimate in (if) and uses instead Poincare's inequality. If fc < 
one has by virtually the same computation. 



— OO j — l 

l—k j—k 

Now we have to take care, whether s — N = Qor not. Let 



if s - f - TV = 0, 



and respectively. 



'2i(s-f-Ar)^ ifs-f-iV^O, 



[|;|, ifs-f-7v = o. 

With this notation, applying Holder's inequality for series, d^'" is estimated independently of whether 
fc > or not, by 



/— — OO 
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This concludes the case i — N. Next, let i < and assume the claim is proven for i + 1. 



3r Ak 



1 — — 00 



In 



where c„2'" = 



so c„2'" = 1 as we have done in the case i = N above. We estimate further, 

/ — — oo 



E (2- 

l/3|=» 



2'« 



Ai Ak / 



As above in the case i — N we use a telescoping series to write 



\Ai 
k-1 

^ E 

3=1 
k-1 



jdf>{v-Q%')-jdnv~Q'^^) 

Ai Ak 



L^{A,) 



fc-i 



Again we should have taken care of whether / <fc — lorfc — !</, but as in the case i = N both cases 
are treated the same way. The term Ij is estimated by ProDOsition l3.14[ 



And by Proposition 13. 131 



— n+ TT -ts — i 
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Hence, 



Ai ^ Afc 



' k-l 



J=i 



for ttfe and bk similar to the case i = N above defined as 



ak 



2fe(s-f-i)^ if.s-f-i^O, 



if s 



i = 0, 



and respectively, 



'2^i^-^-')^ ifs-f-i^O, 
1^1, 



if s - f - i = 0. 



Plugging all these estimates in, we have achieved the following estimate 



\l3\=i 



In either case, whether s — j — i ~ for some i > i oi not, using the claim for i + 1 we have 



|/3|=i ;=-oo 



and thus can conclude. 



Proposition 13.151 □ 



As an immediate consequence of Proposition 13. 151 for i = 0, \a\ = 0, and s = ^, we get the following two 
results. 

Proposition 3.16. For a uniform constant C > 0, for any v S iS(R"), r > 0, k E N 
Here, Ak = B2k+ij.{x)\B2kj,{x) and Ak = B2k+ir{x)\B2k-ir{x) ■ 

Proposition 3.17. There exists a constant C > such that for any r > 0, .tq £ M", k G No, v G 5(R") 
we have 

h';,.,{v-P)\\L^^^^)<C{2'^rf (l + |fc|) ||A?«|U.(K„), 

where P is the polynomial of order N :— [^] — 1 such that v — P satisfies the mean value condition p.ip 
in D := B2r- Here, in a slight abuse of notation for k — 0, rj^. = 77,. — 771,, for rj from Section\2.4\ 



Proof of Proposition I3.17L 

Let Pk be the polynomial of order N ~ [^] — 1 such that v satisfies the mean value condition (13. ip in 
B2kr\B2k-ij.. We then have. 



Wr^'Av - -< Wrj^^iv - Pk)\\mM^) + (2^) * ||r7,^(P - Pfe)|U. 
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As Proposition 13. 161 estimates the second part of the last estimate, we are left to estimate 

\\r,^;{v-Pk)\\L^^R.)<C{2''rf || A?,;|U2(r„) . 

But this is rather easy and can be proven by similar arguments as used in the proof of Lemma 13. Ill see 
also Remark 13.121 as by classic Poincare inequality and the fact that by choice of Pk the mean values 
over B2k+ir\B2kr of all derivatives up to order [^J of v — Pk are zero, so 

If n is an even number, this proves the claim. If n is odd, we use again the mean value condition to see 



< j j \V'^v{x)-V^v{y)\^ dxdy 



\x — y\ 



dx dy 



L2(R")- 

Taking the square root of the last estimate, one concludes. 

Proposition 13.171 □ 

We will need the following a little bit sharper version of Proposition 13. 161 too. 
Lemma 3.18. (compare fDLR09l Lemma 4-2])) 

LetN ■= m -1 and 7 > N. Then for ^ = -A^ + min(n,7) and for any v £ 5(M"), ^^(xo) C M", r > 0, 

00 00 

Y,2-^'^\\{PB^,^{v)-PAMvmL^ak)^^^ E 2-i^iM«u„f 

k—l J — — 00 

Here, = B2k+ij.{x)\B2kj,{x) and = B2k+ij,{x)\B2k-ij,{x). 

Remark 3.19. More precisely, we will prove for i G {0,...,A^}, that whenever 7 > N, \a\ < i, for 
7 :— min(n — A^, 7 — N) 

00 / 00 \ 

^ 2-^l'=ll|a"(Q^^-Q^J||^3.(i,)<C,.^ r-H ^ 2-l^lM«b,, J • (3.6) 

/c— — 00 \ j — — 00 / 

This more precise statement will be used in the estimates for the homogeneous norm [■]s, Lemma \8.1i 

Proof of Lemma 13.181 

As in the proof of Proposition l3.15l set 

Moreover, we set 

00 

k=l 

and 
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Then, by the computations in the proof of Proposition 13. 15l for any |a| < iV, 



oo k-1 

gN,a ^ ^-\a\ ^ ^ ^ 2-J^+'"-^'''+'=^-'=l"l [v]^_ „ 

k—1 1 — — 00 j—l 

j oo 

J — — OO 1 — — 00 k—1 

oo oo 

_ I /T, I X ^ ^ _ T ^^ r T ^ 



7>-/V 



j — l 1— — CX) k—j-\-l 





j = -oo 



Similarly, 



fc-l fc-l 



■ 2 

k — — OQ / — — oo J — / 

i-1 



k — — oo l—k j—k 
j — -~oo k—j-\-l 1— — 00 

^ 2-^'^H^^_„ ^ ^ 2'"2'=('^+^-l"l) 

j — — oo k— — ool—j-\-l 

j = -oo 




r 



r 

j = -oo 
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For < i < N — 1, again using the computations done for the proof of Proposition 13.151 



-^1+1,0 



|/3|=i k=l 

oo k-1 

k — 1 1 — — 00 j — l 



oo 



i<Af .^^ 



i-\a\ ^ 



oo 
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And 



7 



|/j|=i fc= — oo 

fc-1 fc-1 

/i.;— — oo — oo j—l 

i 

A;— — oo l — k j — k—1 



■2+1, a 



.1 ^ ^m. 



i 

J — — oc / — — oo k—j+1 
J 

— CXD k— — oo l—j 



r 



.1 ^ 
l^i|=i 





j = -oo 



r 

j = -oo 



j = -oo 



j=-oo 

Consequently, one can prove by induction for i G {0, . . . , N}, that p. 61) holds whenever 7 > A^, |a| < z, 
for 7 := min(n — iV, 7 — A^), i.e. 

(00 
j = -oo 

Taking z = 0, a = 0, we conclude. 

Lemma 13.181 □ 

4 Integrability and Compensation Phenomena 

We will frequently use the following operator 

:= AT(w) - (ATu)i; - uA^w, for u, w € 5(R"). (4.1) 
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In general there is no product rule making H{u,v) = 0, or H{u,v) an operator of lower order, as would 
happen if n G 4N. But in some way this quantity still acts like an operator of lower order, as Lemma 
shows. 

This was observed in |DLR09j . As remarked there, the compensation phenomena that appear are very 
similar to the ones in Wente's inequality (see the introduction of |DLR09| for more on that). In fact, 
in this note we would like to stress that even an argument very similar Tartar's proof in |Tar85) still works. 



In this section we present a rather simple estimate which somehow models the compensation phenomenon: 
More specifically, for p > we are going to treat in Corollarv l4.2l the quantity 

\\x-yf-\yf-\xn 

Proposition 4.1. For any x,y M" and any p > we have 



\x-yr-\yn<Cp 



tfpe (0,1), 



\xf + \x\\yr' tfp>l 



Proof of Proposition 14.11 

The inequality is obviously true if \y\ < 2|x| or x = 0. So assume x ^ and 2\x\ < \y\, in particular. 



\y - tx\ > \y\ - t\x\ > {l-l]\y\>\x\, for any t e (0, 1). 



We use Taylor expansion for f{t) — \y — txf to write 

d'' 



\\x-yf-\yf\-<Y. 



k=l 



dtf" 



\y~tx\^ 



sup 

te(o,i) 



For fc > 1, 



d^ 



-<\y^txr''\x\\ 



So for 1 < fc < [pj. 



dt^ 



t=o 



\y-tx\- 



FoT k = Ip\ + I > p, s e (0, 1), 



ds^ 



\y ~ sx\ 



-< \yr' \x\' \x\\yr\ 



-< ly — sx\^ \x\ -< \x\^. 



(4.2) 



Proposition 14.11 □ 



Proposition 14. II has the following consequence 

Corollary 4.2. For any x,y Ci M" and any p > 0, G [0, 1] we have for a uniform constant Cp > 



\x-y\^^\yr^\xn<Cp Vl,^, „ 

\y\ + \x\\y 



^/pe (0,1], 



Proof of Corollary \4.'2l 

We only prove the case p > 1, the case p € (0, 1] is similar. By Proposition 14.1 



Wx-yl'-lyl'-lxn 

-< mm{\xf,\yn + \xr'\y\ + \yr'\x\ 



< 2\xr'\y\ + \yr'\x\ 
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CorollarvK2\n 

Lemma 4.3. For any u, f G iS(R") we have in the case n — 1,2 

\H{u,v)''\ < C |(Atw)^| * |(Atz;)'^|(^), 

and in the case n > 3 

\iH{u,v))''\<C (A^^w)^ * (A^w)^ +C(A^w)^ * (A'^v)'' 
Proof of Lemma 14.31 

As u,v G 5(R") one checks that H{u,v) G i^(M") and thus its Fourier -Transform is weU defined. 
Consequently, 

dy. 

If n = 1, 2, Corollary (for p := f ) gives 

\^\^ -\y\^ -\C-y\^\<cw le-j/l^, 

in the case n > 3 we have 

lei^ 2/1^1 <C(|2/|'^ k-yl + ie-yl"^ \y\)- 

This gives the claim. 

Theorem 4.4. (Cf. JTar85f . WLR091 Theorem 1.2, Theorem 1.3]) 
Let u, u G iS(M") and set 

H{u,v) := A^ [uv) — wA^u — uA'^v. 

Then, 

\\H{u,v)^\\l2,1(^^) <Cn ||A5u||i2(R„) ||ATx;||^2(jj„). 

and 

||i?(M,v)||i2(R„) < C„ ||(Atu)^||i2.^(R„) ||A?«||i2(R„). 

/n particular, 

\\H{u,v)\\l2(^^^^ <Cn ||A^u||^2(R„) ||A^-u||^2(R„). 

Proof of Theorem 14. 4L 
Lemma 14.31 implies, in the case n — 1,2 

< c(m-'|(A^^^)1) *(|-r'^|(A^<|) 

+c(i-r'^|(A^M)^l) * (i-r'i(ATw)^i) . 



Lemma 14.31 □ 



and in the case n> 3 



Now we use Holder's inequality: By Proposition 12.91 we have that 

e i^.°°(M")^ L^ ■ L^-°° C L^^^, 2,2,00 .^^,00 ^ ^^.c 
Moreover, convolution acts as follows 

L7rF2^2 ^ ^^,2 ^ ^2,1^ 2.^-2 * + L^^°° * c L^. 

We can conclude. 



Theorem \AA 
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5 Localization Results for the Fractional Laplacian 



Even though A'* is a nonlocal operator, its "differentiating force" concentrates around the point evaluated. 
Thus, to estimate A2 at a given point x one has to look "only around" x. In this spirit the following 
results hold. 



5.1 Multiplication with disjoint support 



In [DLR09j a special case of the following Lemma is used many times. As a consequence of lower order 
effects appearing when dealing with dimensions and orders greater than one, we will need it in a more 
general setting, namely for arbitrary homogeneous multiplier operators. 

Lemma 5.1. Let M he an operator with Fourier multiplier m G S (R",C), m G C°°(R"\{0}, C), i.e. 

Mv :— (rnw^)^ for any w G 5. 

If m is homogeneous of order 5 > —n, for any a, 5 G 5(M",C) such that for some 7,c? > 0, x G K", 
suppa C Bj{x) and supp& C M."\Bd+^{x), 



a Mb 



<Cm d-"-* ||a||Li(E") II^IUhk")- 



An immediate consequence, taking m := |-| , is 

Corollary 5.2. Let s,t > ~n, s + t > —n. Then, for all a,b iS(M",C), such that for some d, 7 > 0, 
suppa C B~f{x) and supp 6 C W-\Bd+'y{x), 



Lemma 15.11 follows from the following proposition, as the commutation of translations and multiplier 
operators allows us to assume suppa C 5-^(0) and supp 6 C M"\i?^+rf(0). 

Proposition 5.3. Let m G C°°(M"\{0}, C) fl 5 . If for some S > —n we have that m{\x) = X^m{x) for 
any x G ]R"\{0} and any A > 0, 



m if 



< Cm d-"-^ ||<p||li(R"), for any ^ G CS° {W'\Bd{0),C) , d>0. 



Proposition 15.31 again follows from some general facts about the Fourier Transform on tempered distri- 
butions: 

Proposition 5.4 (Smoothness takes over to Fourier Transform). 

Let / G iS (R", C) and f G C°°(M"\{0}, C). // moreover f is weakly homogeneous of order 5 G M, i.e. 

f[^{X-)] = \-^-'f[^], for all ^ G 5(K", C), 
then /^,/^ G 5'(M",C) also belong to C°°(M"\{0}, C). 



Proposition 15.41 □ 



Proof of Proposition 15. 4L 

We refer to |Gra08[ Proposition 2.4.8] 



Proposition 5.5 (Homogeneity takes over to Fourier Transform). Let f E S (M",C). // / is weakly 
homogeneous of order (5 G M, then g — f^ E S (M", C) and h = G 5 (M", C) are weakly homogeneous 
of order 7 = — n — S. 
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Proof of Proposition 15. 5L 

This follows just by the definition of Fourier transform on tempered distributions, 
The case is done the same way. 

Proposition 15.51 □ 

Proposition 5.6 (Weak Homogeneity and Strong Homogeneity). 

Let g (z S (M", C), g G C°°(R"\{0}, C). If g is weakly homogeneous of order 7, then also pointwise 

g{Xx) = X'^g{x), for every x G ]R"\{0}, A > 0. 

Proof of Proposition 15.61 

We have for any Lp E iS(M", C), and any A > 

giifiX-^-)] = J g{x) ipiX'^x) dx = X" J giXz) ip{z)dz 
and by weak homogeneity 

Thus, 

{X^g{x) — g{Xx))ip{x) — 0, for any ip E S 



which implies X^gi^x) — g{Xx) for any x ^ 0. 

Proposition 15.61 □ 

Proposition 5.7 (Strong Homogeneity). Let g E S' (M", C), g E C°°(R"\{0}, C). // there is 7 < such 
that 

g{Xx) = X^g^x) for every x E R"\{0}, A > 



then 



9 f 



< d^||5lU-(s-i) II'^IIli(M"), for every ^ E Co°°(M"\S<i(0)), d>0. 



Proof of Proposition 15.71 



For every if E C^(R"\S<i(0)), d > 0, we have 



g{x) (p{x) dx 



9{t^] fix) dx 



7<0 

< d'^ ||g||L~(s— 1) II-^IIlhr")- 



Proposition 15.71 □ 

Proposition 15.41 - Proposition 15 . 71 imply Proposition [ 



5.2 Equations with disjoint support localize 



As a consequence of Corollary 15.21 we can de facto localize our equations, i.e. replace multiplications of 
nonlocal operators applied to mappings with disjoint support (which would be zero in the case of local 
operators) by an operator of order zero: 

Lemma 5.8 (Localizing). Let b E i?^(R"). Assume there is d,^ > 0, x E R" such that for E := 
B^-\-d{x), supp h C R"\£'. Then there is a function a E L^(R") such that for D := B^{x) 

A~b A~ip = a ip, for every ip E C^{D) 



and 

||a||L2(R") < C'_D,£;||6||i,2(R„). 
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Proof of Lemma I5.8L 

We are going to show that 



I/Ml - 



<Cd.e\Ml^R'^) for every (^gCo°°(D). (5.1) 



Then /(•) is a hnear and bounded operator on the dense subspace C^{D) C L'^{D). Hence, it is 
extendable to all of L'^{D). Being a linear functional, by Riesz' representation theorem there exists 
a £ L'^{D) such that f{ip) = (a, 'fi)L^{D) for every ip £ L'^{D). 

It remains to prove (j5.ip . which is done as in the proofs of (DLR09| . Set r := ^(7 + d), so that 
E = B2r{x) D D. Applying CoroUarvIO 



/CO p 
A^bA^ip = / At (77^,^5) AT( 

t— 1 

00 

k=l 

If A; > 3, using that the support of 77^' and (p are disjoint, more precisely by Corollarv 15.21 



c[5j 


2- 


2fen| 


'7r^llLi(I 


"jlblliip 


-< 


2~ 




l^r&IU^(I 


i")ll<y='IUi( 


-< 


2~ 






ll'^lli^CD) 



For 1 < /c < 3 we use that the support of a and are disjoint, to get also by Corollarv l5.2l 

Ih < rf"^^"||6|U2(R„)||(^||i2(c). 

Consequently, 

^//fc < CD,E\\b\\L^(m^) ||i^||l2(£|). 

fe=l 



Lemma 15. SID 



5.3 Hodge decomposition: Local estimates of s-harmonic functions 

If for an integrable function h we have weakly Ah = in a, say, big ball, we can estimate 

l|/i|U^(B.) < C Q WHL^iB,), forO<r<p. 
The goal of this subsection is to prove in Lemma [5. Ili a similar estimate, for the nonlocal operator At. 



Proposition 5.9. Let s G (0, ^). Then for any x G R", r > and v E S, such that suppi; C Br{x), and 
any k G No, 

|||(At<J^| * |(A"tz;)^||U2(„„) < C.2-^«||«|U2(R„). 

Proof of Proposition 15.91 

By convolution rule and 

1 1 1 

1+2=1+2 

we have 

|||(At<J^| * |(A-f«)^||U2(R„) -< ||(Atry^;j^|U.(R,.) ||(A-t«)^|U2(«„). (5.2) 
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By Lemma [2:251 

||(A-*i;)^||i2(R„) = |[A-*w||i2(R„) < C,r'\\v\\L2iM^y 
Furthermore, Proposition 12.291 implies 

ll(A4<J^|U.(R„)<a(2V)"^ 

Together, dO]), (E31) and give the claim. 



(5.3) 
(5.4) 

Proposition 15.91 □ 



As a consequence we have 



Proposition 5.10. There is a uniform constant C > such that for any r > 0, x ^ R", v & S, such 
that suppu C Br{x), and for any fc G No 

||A?(r7,%A-tz;)|U.(R„) < C 2"^ 



Proof of Proposition I5.10L 

We have according to (|4.ip 

A^(<,A-t^;) = iATr,^^JA-Tv + r^';^^v + Hir)';^^,A-Tv). 
By the support condition on v, 



so trivially for any fc G No, 



rj'^^v = 0, if fc > 1, 



K.«IU^(R") < 2^ 2 '='4||i;||i2(R„). 



Next, applying Proposition 12.291 for s = f and p ~ A and Lemma [2.251 for s = f and p' = 4, we have 

||(At7y,^_JA-?«|U.(R„) < ||(At,7,^_J|U4 ||A-t«|U4 ^ 2-'=tr-trt ||^,||^.. 
Thus, we have shown that 

||A?(77^f,,A-t^;)||^.(R„) ^ 2-'^-?||z;|U.(K„) + ||i/(r;,%, A-t«)||^.(R„). (5.5) 
By Lemma [4.31 we have that in the case n = 1, 2 

||i?(7yL, A-Tx;)|U.(R„) -< |||(Atry,^^J^| * |(A-t^;)A| 

and in the case n > 3 



(A"^"ryL)^ * (A^«)^ lU. + ll (A^.^.J^ * [A-^^vr ||l- 



That is, in order to prove the claim we need the estimate 



(5.6) 



where s = ^ in the case n — 1,2 and s — "^^^^ or s = 1 in the case n > 3. In all three cases we have that 
< s < ^ and Proposition 15.91 implies (|5.6p . Plugging these estimates into (|5.5I) we conclude. 



Lemma 5.11 (Estimate of the Harmonic Term). Let h G L^(R"), such that 

hA^(p = for any ip e C^{BArix)). 



Proposition 15.101 □ 



(5.7) 



for some A > 0. Then, for a uniform constant C > 

\\h\\LHBAx)) < C A"3||/l||i2(R„). 
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Proof of Lemma I5.11L 

It suffices to prove the claim for large A, say A > 8. Let ko G N, fco > 3, such that A < 2''° < 2A. 
Approximate h by functions £ C^(]R") such that for any e > the distance \\h ~ h^\\]^2(jgn'f < e and 
l'ie||L2(R") < 2||ft,||i2(-j|n'). By Riesz' representation theorem, 



Wheh^iBAx)) = sup / h^v. 

ll"ll_j,2<l 

For such a v, note that by Proposition l2.25[ A~tv e ^^(R") for any p > 2, and thus 77^ j,A~tw e L^(R"') 
for any k gNq. Moreover, by Proposition lS.lOl 

||At(^^fc_^A-f«)||i.(K") <C2-i (5.8) 

In order to apply (|5.7p . we rewrit^l 



hev^ J {A-h^){A~-v) 

7 1.1'' 1 n 



/ + //. 



The second term // goes to zero as £ — > 0. In fact, for fc < fco — 2 we have that suppry^^ C i?Ar(a;) and 
thus 



I K A?«,A-t^;) ^ h) A?(77,%A-?«) 

< WK-Hl^^,.) ||AT(r;^^^A-Tt;)||^,(jj„) 

< £ l|A^(<,A-?«)||i2(R„) 

< Ca e. 

For the remaining term / we have, using again Proposition lS.lOl 

00 „ 

/ = Y J K AH^j';^,A-iv) 

k—ko — 1 
00 



k—kg — 1 

en ^ 

< ll^e||L2(R") 2^ 2 
k—ko — l 



Because of 



we arrive at 



^ II^IU2(R-) ^2 4. 

fc^AiQ — 1 

00 

^ 2-4 < C2-'=°3 < CA-3, 

k—kQ — 1 

J h,v< Ce + CA-i \\h\\ 



^Note that At/i£ G (M" ) for any p G (1,2). In fact, for all largo fc G N the LP-Norm on Annuli = -B2''+i (0)\-S2'= (0) > 
\\^^he\\LP(Ak) < C'he2~*"*^~^ll'isllL2(R„) as can be shown using Corollary Thus, {A^he){A'^v) G L^K"). 
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Consequently, for all e > 0, 



Letting e ^ 0, we conclude. 



Lemma lS.llI □ 



The following theorem proves Theorem II .61 



Theorem 5.12. There are uniform constants A, C > such that the following holds: For any x € 
and any r > we have for every v G L^(M"), suppw C Br{x) 



HL^BAx)) < c sup 



Proof of Theorem 15.121 

We have, 



Ml^{bAx)) = sup I V f 



/GL-!(R") 
ll/llf 2<1 



By Lemma [2.261 and Lemma [5.111 we decompose / = A4(y9 + /i, Lp G H'i iW^) and supptp C B\r{x), 
\\h\\L^(Br(x)) < C A~4 for arbitrarily large A > 0. Thus, by the support condition on v, 



MmB^x)) < C sup 

¥.eCg°(BA^(x)) 
I|A*^||^2(R„,<1 



uA4(^ + CA 4 |lw||i2(B^(^)). 



Taking A large enough, we can absorb and conclude. 



Theorem [532] □ 



5.4 Products of lower order operators localize well 



The goal of this subsection arc Lemma 15.141 and Lemma 15.151 which essentially state that terms of the 
form 

A^a AT~f 6 

"localize alright", if s is neither of the extremal values nor 2.. 

Proposition 5.13 (Lower Order Operators and L^). For any s G (0, Mi, M2 zero multiplier operators 
there exists a constant Cm-^^,m^,s > such that for any w, u G 5, 

2s — n s 

\\MiA—^U M2A''^v\\l2(^s.") < C'mi,M2.s||"||l2(r„) ||w||l2(R"). 

Proof of Proposition I5.13L 

Set p '■— and q := ^^2s ■ As 2 < p, q < cx) (using also Hormander's multiplier theorem, |Hor60] ) . 



< 

p,i3e(i,oo) 

P,9>2 



A^^u\\lp \\A^iv\\Li 



u||l2 \\v\\l^- 
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Proposition 15.131 □ 

Lemma 5.14. Let s G (0, and Mi, M2 zero multiplier operators. Then there is a constant Cmi,M2.s > 
such that the following holds. For any u,v d S and any A > 2, 

llMiAtu M2At~^v\\l2(bAx)) 



< C 



Mi,M2,s 



\A~u\ 



fe=l 



Proof of Lemma I5.14L 

As usual 



||A2MiuA3 i M2v\\l2(^bAx)) = sup 



MiA^u M2A~~2 V ip . 

For such a (fi we then decompose A^u into the part which is close to Br{x) and the far-off part: 

J MiAiu M2AT-f V (fi 
= J AfiA5-?(?7ArA^u) M2A^~^ V ip 

+ ^ / ^^iA^"'j(?7ArA5'u) M2A~4A^ V if 

k=i 

00 

=: I + Y^Ih- 

fc=i 

We first estimate the / by ProDOsition l5.13l 

|/| -< ||?7a,.Atm||^2 \\Atv\\l2. 
In order to estimate Ilk, observe that for any ip e C^{Br{x),'C), W^pWl^ < 1, s G (0,5), if we set 

(y9 M2A"4 A^wllii 



^ ||A-tATi;||^,-(„,.) 

» III I-S/ . " \^ii 

< IIM (A^«) |liP,p'(R.) 

P'-^ « III I-S / . " \^ii 

^ IIM '{ATv) ||l..2(R") 

^ |||-niif,=c. II(A^^^)''|U= 

^ r'' ||ATt;||2,2. 
Hence, as for any fc > 1 we have dist(supp supp 77^^) >~ 2'^Ar, 



(5.9) 



J MiAi^T{r]X^ATu) M2A^~4 v 



""W^ (2'^Ar)-"-^+t||77tAt^||ii ||Af2At-f ^; ^ll^x 

9 (2'=Ar)-*-^htAt^||ii \\A^v\\l2 

^ (2'=Ar)-^||r;tAt^||^. ||A? vh^ 

« 2-'='^A-^htAtu|U. ||Atz;|U.. 
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Lemma 15.141 □ 

A different version of the same effect is the fohowing Lemma. 

Lemma 5.15. Let s e (0, §) cind Mi,M2 be zero-multiplier operators. Then there is a constant 
Cmi.M2,s > such that the following holds. For any u,v S and for any A > 2, r > 0, Br ^ Br{x) C K", 

||MiA*u MaAt-t vW^bAx)) 

oc 

fc=l 

C30 

oo 



k,l=l 



Proof of Lemma 15.151 

We have 



AfiA4"T(77ArATu) M2A~i (TyA^ATu) 

OO 

+ ^A/iA5"T(^fc^Atu) A/aA^i (yyArAtw) 
fc=i 

oo 

+ ^AfiA^-f (77ArA^M) A/aA"^ (ry^v^A^w) 

oo 

oo oo oo 

/ + ^ //fe + ^ Illk + Y ^^fc.'- 



fc=l 1=1 k,l = l 



\l2 -< ||r/ArA4 u||£2 ||77ArA"u||i2. 



By Proposition [5A31 
As in the proof of Lemma 15.141 

and 

\\IIIi\\L2(B^)'<2^'-^'>'A'-^\\VArA'iu\\L2 Wrj^rA'i v\\l2 . 

Finally, 

WmALHB,^} ^ (2'^Ar)"' htA?u|U2 ||A^t(r;LAt«)||^2(B,) 

^ (2''^Ar)"' (2'Ar)'"* htA^^^IU^ hLA^z^lU^ 
^ A-t 2-('=^+'(t-^» ||r,tAtu|U2 hi,Atz;||^2. 

Lemma \5.15\ □ 
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5.5 Fractional Product Rules for Polynomials 

It is obvious, that for any constant c G M and any 1^9 G iS, s > 0, 

Ai {cip) ~ cAiip. 

In this section, we are going to extend this kind of product rule to polynomials of degree greater than 
zero, which in our application will be mean value polynomials as in (j3.ip . As we have to deal with 
dimensions greater than one, our mean value polynomials will be also of order greater than zero, making 
such product rules important. 

Proposition 5.16 (Product Rule for Polynomials). Let N G Nq, s > N. Then for any multiplier 
operator M defined by 

(Mv)^ = mv^, for any v G S, 

for m G C°°(K"\{0}, C) and homogeneous of order zero, there exists for every multiindex /3 G (No)", 
1^1 <N, a multiplier operator Mp = Mp^s,N, Mp = M if |/3| = 0, with multiplier mp G C°°(R"\{0}, C) 
also homogeneous of order zero such that the following holds. Let Q ~ a;" for some multiindex a G (No)", 
\a\ < N. Then 

MA^(Q(p)= d^Q MpA^ip foranyipeS. (5.10) 

/9|<l" 

Consequently, for any polynomial P = ^ CaX" , 

\a\<N 

M Ai (Pip) ^ d^P MpA^ip for any if eS. 

\I3\<N 

Proof of Proposition I5.16L 

The claim for P follows immediately from the claim about Q as left- and right-hand side are linear in 
the space of polynomials. 

We will prove the claim for Q by induction on N, but first we make some preperatory observations. For 
an operator M with multiplier m as requested, for a G (Nq)" a multiindex and s G M set 

(27ri)l"l 

and let Ma.s be the according operator with nia^s as Fourier multiplier. In a slight abuse of this notation, 
for niultiindices with only one entry we will write 

Mk,s = Ma^^s for fc G (l,...,n), 

where ak — (0, . . . , 0, 1, . . . , 0) and the 1 is exactly at the fcth entry of ak- 

Note that rua^si') is homogeneous of order zero. In fact, this is true as the derivative of a function of zero 
homogeneity has homogeneity —1, a fact which itself follows from taking the limit ft, — in the following 
equation which is valid for any i G {1, . . . , n}, ^ G M"\{0}, A > 0, ^ /i G (-|^|, 1^|) 

m(A(g -I- hcj)) - ™(Ag) _ i m(g -I- hej) - m(g) 
Xh ~ h ■ 

Also, we have the following relation for any s G M, 

= ^W,- (5.11) 

Observe furthermore that ^ 

xiv{x) = -^^idiv^)'^ix), 

so for s > 1 

{MAm-M)\o 

/TTi zvri 

- ai(MAt«)^(e) + (a/i,,A^i;)^(C), 
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that is 

MAi{{-)iv){x) ^ xiMA^v + Mi^.A^v. (5.12) 
So one could suspect that for Q — x°' for some muhiindex a, \a\ < s, 

MAHQip) = 9^Q ^Mfi,s A^'P. (5.13) 

where 

/3! :=/3i!.../3„!. 

This is of course true if Q = 1. As induction hypothesis, fix > and assume (|5.13l) to be true for any 
monomial Q of degree at most N < N whenever s > N and M is an operator with the desired properties. 
Let then Q be a monomial of degree at most N, and assume s > N. We decompose w.l.o.g. Q — xiQ 
for some monomial Q of degree at most — 1. Then, 

MAi{Qip) ^ xiMAi (Qv?) + Afi,,.A^ (q<^) ■ (5.14) 
For a multiindex /3 = (/3i, . . . , /3„) G (No)" let us set 

Ti(/3) :=(/3i + l,/32,...,/3„) and t_i(/3) (/3i - 1, /32, . . . , /?„). 

Observe that 

df^ixiQ) = Pid^-^'^^^Q + xid'^Q. (5.15) 
Applying now in (|5.14p the induction hypothesis (|5.13p on MAi and Mi^^At", we have 

MAt(Q^) = XI ^ d^Q A^(p 

l/3|<^ 

X-^ 3-1 + 

|/3|<s-l 
|/3|<s '^^^ 



|^|<S-1 



(p. 



Next, by 



^ 9^(a;iQ) ^Af^,, A^^ 

\P\<s ^' 

- E 1^/5.^ ^"^^ 

/3i>l 

x-^ 5-1 

+ E ^'^^ai^W^^v' 

|/3|<s-l 



^ 9^(xiQ) 1m^,, A^^ 



I31<s 

/3i>l 



|,3|<s-l 

J2 d^Uo) A^^. 



\l3\<s 
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Proposition 15.161 □ 

Proposition 5.17. There is a uniform constant C > such that the following holds: Let u G S and P 
any polynomial of degree at most N := \'^'\ — 1. Then for any A > 2, Br{xQ) C R", (p G C^{Br{xQ)), 

||AT(p||i2(R„) < 1, 

OO 

+C A-i^2-^l|7yt_,„A?u|U2(R„). 
fc=i 

Proof of Proposition I5.17L 

By Proposition l5.16l (where we take M the identity and s = ^) 

l<\fS\<N 

As we estimate the L^-norm on Br and there ?7Ar = 1, we will further rewrite 

l<\f}\<N 
l<\f}\<N 

= ■ ih+Ih) onBrixo). 

1<I/9|<JV 

As 1 < |/3| < iV < ^, we have by Lemma [5. 141 for v = (p 

OO 

||//^|U2(5„) ^ ||Atj.|U2(B,,,)+A-l^l^2-''-|'5|||,ytAt^x|U2 

OO 

< ||A?«|U2(B,,^)+A-i^2-^-l|ryi,At«|U2. 

fe=i 

We can write 

7/3 = A///3A^^T^ AT(ryAr(w - P)) MpA^^'^A^ip 
and by Proposition 15. 131 applied to A^{riAr{u ~ T')) and A^p for s |/3 

||-?"/3||l2(R") ^ ||AT(7^Ar(w - P))||l2(r„). 

Proposition 15.171 □ 

6 Local Estimates and Compensation Phenomena: Proof of 
Theorem 11.51 

Theorem ll.Sl is essentially a consequence of the following two results. 

Lemma 6.1. There is a uniform constant C > such that for any ball Br{xo) C M", p £ C^{Br{xo)), 
W^^pWl^ < 1; (ind A > 4 as well as for any v G H^(R"), 

\\Hiv,ip)\\L2^BA^o)) 
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Proof of Lemma I6.1L 

We have for almost every point in = Br{xo), 



H{v,ip) — IS.'^ {vLp) ~ v/S.'^ if — iplS.'^ V 

= AT{riArV(p) - riArvATip - (pAT: {ijArV + (1 - riAr)v) 

= I -II - III. 

Then we rewrite for a polynomial P of order [^] — 1 which we will choose below, using again that the 
support of lies in i?^, so ^prjf^r — ^ on M", 

II = VAriv - P)AT(p + PA^ip, 
III = ipAT{f]Ar{v - P)) + ipAT{j]ArP) + (fiA^ {{I - r]Ar)v)- 



Thus, 
where 



I - II - III = I + II - III, 

I = H{rjAr{v-P),ip), 
Tl = AT{Pip) ~ PA^ip, 

HI = ^A^{P+{l-7^Ar){v-P)). 

Theorem 14.41 implies 

Proposition 15.171 states for m = w and s = ^ that 

oo 

^ \\ATr,Ar{v - + ||A?«||i2(B,^^) + A-i ^ 2-'=||77t i'||l^(e.) 

k=l 

^ \\ATr)Ar{v - P)\\lhr^) + \\Atv\\l2(B2a.) + A-^\\ATv\\L2iM^). 

It remains to estimate ///. Choose P to be the polynomial such that v — P satisfies the mean value 
condition p.ip for TV — \^'\ — 1 and in B2Ar{xo)- 
We have to estimate for ip e C^{Br), HV'IU^ < 1, 

^ = J i'ip A^iP+{l-7^ArKv-P)). 

Note that 

P+il- VAr)iv -P)= VArP + (1 " VArV) G 

so we can write 

'iTlij = f AT ii:^) P + {1 - f]Ar){v - P) 



lim / A- {iPip)r]RP + / A-{^Pip){l-r]Ar)iv-P). 



By Remark 12.311 we have 

J A^ {'ip(p)riRP = o{l) for i? ^ cxD, 
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so in fact we only have to estimate for any R > 1 

CO „ 

^ / V AT imVAri^ - P)) 

k=l ■' 
-j I oo 

V-" 5](2^-A)-"r-^ \\r^liv-P)h. 

oo 

^ A-t ^2-'=t(l + fc) ||At«|U.(R„) 
fe=i 

A-t||AT„||^2(R„) 
< A"5||ATw||i2(R„). 

In order to finish the whole proof it is then only necessary to apply Lemma 13.61 which implies that 

Lemma 16.11 □ 

Lemma 6.2. For any v e H^{K"-), e G (0, 1), there exists A>0, i?>0, 7>0 such that for all xq E M", 
r < R 

\\Hiv,v)\\L2(BAxo)) 

/ OO oo \ 



\k—l k— — oo 



Here we set Ak :— i?2fc+<i4Ar\52'«-ir- 



Proof. Let (5 = £(5 > G (0, 1), where J is a uniform constant whose value will be chosen later. Pick 
A > 10 depending on 6 and v such that 

A-^ ||ATi,||^2(R„) < S. (6.1) 

Depending on S and A choose i? > so small such that 

Hi3ioA.(.o),f + l|A^^^||L^(i3,,A,-(:.o)) < for ah xo G R", r < R. (6.2) 

We can assume that v G C^(R"). In fact, by Lemma 12.181 we can approximate v in H^{W^) by 
Vk G C^(R") such that (|6.ip and (j6.2p are fulfilled for any Ufe with 2(5 instead of S which is a uniform 
constant only depending on e. Here one uses that 

[vk - «]b" - "^WA^ivk - v)\\l2 0. 
By Theorem 14.41 and the bilinearity of H{-, •), 

\\H{vk,Vk) - i/(w,w)||L2(R„) 0. 

So both sides of the claim for Vk converge to the respective sides of the claim for v, whereas the constants 
stay the same. 

From now on let r G (0, i?) and xo G R" be arbitrarily fixed and denote Br = Br{xo). Set P = Pa = 
PB2Ar(^) the polynomial of degree N :— \^~\ — 1 such that the mean value condition (j3.ip holds on 
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-B2Ar(a;o)- We denote rjAr = 'nAr,xo and := ijp^Q. 

As P is not a function in 5(M"), we "approximate" it by P'' := f/pP, p > pa where we choose po > 
2 max{2Ar + |xo|, 1} such that B^^,-, (0) D supp v. Note that in particular, we only work with p > such 
that 

?7p = 1 on supp ?72Ar,a;o U suppw, for ah p > Po- 

Then, 

v^fipv = rjAriv -P)+ Vpil - VAr)iv - P) + P^ =: VA + v"_^ + pp. (6.3) 
Observe that all three terms on the right-hand side are functions of <S(M"). We have 

= {vA? + {vP_^f + [PPf + 2vA vP_j, + 2{vA + «^a) P'- (6-4) 

As we want to estimate H{v,v) on Br = Br{xo), we are going to rewrite H{v,v)ip for an arbitrary 
(p G C^{Br), such that ||(y9||i2(R,i-) < 1. For any p > po (with the goal of letting p — 7> cxd in the end), we 
will use the following facts 

(pPP = ifiP, vaP'' = vaP, 'pv''_i^ = 0. 
Now we start the rewriting process: 

H(v, v)ip 
= (A^(w^) - 2vA^v) if 
^ (At(^;A)2 + A^(^;^J2_^A?(P'')2 

+2A? {vA v''_^) + 2AT {{vA + vP_^) PP) 

-2waA?ua - 2i;aA^w'^^ - 2t;AA^P'' 

-2PPA^ {vA + w'^a) - 2PPATPP^ LP 
= H{va,va)(P 

+2 (A* {{vA + «^a) P") -P {vA + v'_a)) V 

+ (At [PPf^ip 

+ (At {vP_j,f + 2At {vA «^a) - 2z;AAt«^^) 
-2 (P At pP + UAAtpP) 
Now we add and substract terms, that vanish for p — > oo, and arrive at 

iJ(u, v)ip 

= H{vA,VA)ip 

+ 2 (At ((z;a + z;^^) P) - P At (vA + <a)) 

+ (^AT (^{fjpfpp) - PAT (^{fjpfp^y 

+ (At (t;^^)2 + 2At {vA W^a) - 2wAAtt;^^) ip 

+ (^P At (^(77p)^p) - 2 P Atpp - 2 i^A A tp''^ if 
+ 2 A^ {vP_j,{fjp ~ 1)P) LP 
= : (/ + // + /// + /V + + V^/) (/?. 
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First we treat the terms V and VI which will be the parts vanishing for p ^ oo. As for V , we have by 
Remark 12.311 using also that p > 1, 

I|A^P''||loc(r,.) < Cr.A,v.x„ P^"* < Cr,A.v,xoP~K 

and by an analogous method one can see that the following holds, too: 
Consequently, 

ll^ll 

Next, as for VI . the product rule for polynomials, ProDOsition l5.16l for M — Id, ip — v'^j^{f^p — l) £ iS(M"), 
implies that for some zero-multiplier operator Mp, 



As a consequence, using that P is a polynomial with coefficients depending on A,r,v,xo, 

\\VI\\mB.^<C.,r,x„A E \\M0A^{v'_^{fl,-l))\\mB.y 

\P\<N 

Now we use the disjoint support lemma, Lemma l5.ll to estimate for some kg = ko{p, xq, A) > 1 tending 
to cxD as p — J> c«, 

||M^A^K^(ry,-l))|U.(B,o 

< l|M/3A^(r7t,,„(«-P)(f7p(l-ryp)))|U.(B.) 

k—ko 
k=ka 

pBUTI °° 

< Cr,A Y 2-'=(^-^ni + 1^1) ||At«||^.(R„). 

k — kg 

As N < § , we have proven that 

\\V\\L^Br(xo)) + \\VI\\l^bAxo)) = for oo. 

Next, we treat / . By Theorem 14.41 and Lemma we have 

l|/|U2(B„) ^ liA^fA||i2(R„) ^ (MB4A,.,t) ^ 6[v]b,^^^^. 
As for // , by Proposition l5.16l for any w E 5(M") 

ip{AT{w P) - PA^w) 
= if Y d^P MfsA'^w 

1<\I3\<N 



supp if 



ip 2^ [d'^{riAr{P ~v)) Mi3A-^—w + d'\ MpA-^^w), 

1<I/9|<JV 

^<\P\<N 



SO 
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where 

a n-2\f)\ 

= Wvf, M;3A^^t;A||i2(s^), 

= M0A^i;^^|U2(s,), 
^^2^A = 1|5^M^A^^;^JU.(5^). 

Observe that ah the operators involved are of order strictly between (0, ^). Consequently, by Proposi- 
tion [5221 and Poincare's inequality, Lemma 13.61 

//f^ -< ||AT(,yAr(/'-w))||L2(R„) ||At«A||i2(R„) 

< (HB4A,.,t)' 

By Lemma l5.14l and Poincare's inequality. Lemma 13.61 

III^ -< ||At«A||L^(^||A?^;|U.(B,,.)+At-l^lf;2-*hLAtz;|U.^ 
-< Mi34A.,t (||A^w||l2(b,^^) + A--^\\A^v\\l2 

'4 <5 (||At«||^.(5^^^) + Hs^^^^.). 

As for II2 -A ^1^*^ III -A' estimate for any w G 

||a''u;M0A^^;^AlU.(B,) 

00 

00 

l,k=l 

We first concentrate on Si. As before, by Lemma ISTTI and using that 1 < < §, 

^ (2'=Ar)~^"+""||5^A-t(,74r.A?7«)|U2 ||r;t(«-P)|| 
'''5^ (2'=Ar)""+'^'(4r)t-l^l||^4,Atii;||^. hL(«-^')l|L^ 
« Al^l-* h4rA?u;|U2 2(l'3|-")'= (Ar)-t - P)\\ 



L2. 
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Thus, by Proposition |3TT7] and as |/3| < f (making J2k>o^ 2 '^'S convergent), 

^ (5 ||A4u;||i2(B^^,_). 

For the estimate of S2 we observe 

''P (2'r)-t-l^l ||(ryi,At«;)|Ui ||Af^A^,?L(T; - P),7p|U.(5,_) 
(2V)-t-l^l ||(r;i,A?«;)|U. (2'=Ar)"^"+'^' ||ryt(« - rt 
^ r-t 2-1^1' ||(,7LA?u;)|U. (2'=A)""+'^' - P)|U.. 
Summing first over k and then over using again Proposition 13 . 1 7l and that \(3\ G [1, A'^], 

oo 

S2 ^ A-t+^ ^2-'||r7i,AT^i;||^2 ||A?«|U2 



So we have shown that 



1=1 

1=1 



-< s J2'^-'\\7jIatw\\l2 + swA^wWmB,^^) 
1=1 

-< S\\A^w\ 



Setting w — V in the case of II2 -a ^^'^ w — va in the case of 11^ _f^, this imphes 

III_j,<5\\A^^va\\l^<5[v]b,..,^, 

and 

1=1 

As for /// , using yet again (j6.3p . we have 
As a consequence, we can rewrite 



/// = (AT((ry,)2pp) -PAt((fgV)) 



= (A2 ((« - v''_^ffp)P) - PA 2 (u - tJA - v''_iJ]p))Lp. 

Thus, the only part we have not estimated aheady in // (or which is estimated exactly as in //, as the 
term containing v'^jyfjp) is 

A^{vP) - PA^v. 
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Again by ProDOsition l5.16l this is decomposed into terms of the fohowing form (for 1 < |/3| < N) 



-d^iiv - P)(l - ,7A,)) MpA^v 

a ti-2|g 



= : Ilh+IIh+IIh. 



Of course, 

By Lemma [5. 141 



I|///i||l2(b.) = 0. 

\\IIh\W{B.:) 

Coo N 
k=i / 

< Ht,4Ar [ ||At^;|U2(B,^^) + 2-4 ||A?i;|U2(^^) j 

< (5H^,4Ar +(5 2^2 2 ||A4v||i2(^^). 



k=\ 

And by Lemma [5. 151 and (|6.2p . 



oo 



I|///3||l2(b^) ^ 5||Att;||i.(B^^^) +^2-2||At«||i.(^^). 

fc=l 

Finally, we have to estimate IV . Set 

^fe := -B2fe+4Ar\-B2'«— 4Ar- 

Using Lemma 15.11 the first term is done as follows (setting to be the polynomial of order N where 

V — Pk satisfies (j3.1l) on i?2'= + iAr\^2*-iAr) 



l|A?(r/t(l-ryA,.)(77p)'(^'-i^)')l|L2(B.) 
^ 2-'=i"A-i"r-"||W^(z;-P)||2, 



(ll\Ait(f - ^fc)lli2 + 2"'=(Arr ||y<;(P - Pfe)||i 
"A-i'V- (^(2'= Ar)" (h^^ „ ) ' + 2"^-(Ar)" || y^(P - P,) ||i,.) 



^ A-^2-^^ „ +k\\JvliP-Pk)\\L^ \\A^v\\l 



-< A 5 2 



^ ((Ml,.)' + liy^(P-/'.)l|L~l|Att;|| 



L2 



Note that as ^ — | > \^~\ — 1, on the one hand Lemma [3. 181 is applicable and on the other hand we have 
by ProDOsition l2.37l 



k=l k=l 
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Consequently, we have for some 7 > 



k— — c 



1 -A |, 



k— — oc 



For the next term in IV, using the disjoint support as well as Poincare's inequality, Lemma 12.221 and 
Lemma l3.6l and the estimate on mean value polynomials, Proposition 13.171 and as 



we can estimate 



k=l 



fc=i 

^ E (Ar)^||At^A||LnhL(^-^)llL^ 
fc=i 



lICT 3 



Last but not least, 



''P (2'^Ar)-"||z;A|U. hL(«-P)|U. 



— 2-«t<5((2^Ar) ^||^t(«-noilL= + lk;t(p-n.)IU-) 

<5(2-t'= +2-t^||^i^(P_P,)||^.). 

Again, as ^ > A^, Lemma [3. 181 implies that for some 7 > 0. 

00 

||z;AAt«_A|U2(s^) ^ E 2-^l'^lH^,,.. 
fc=— 00 

We conclude by taking 5 = Se for a uniformly small (5 > which does not depend on A or ||A?u||£,2. □ 

7 Euler-Lagrange Equations 

As in [DLR09| we will have two equations controlling the behavior of a critical point of i?„. First of all, 
we are going to use a different structure equation: Obviously, for any u G (M", R™) with u{x) G S™^^ 
almost everywhere on a domain D C K", we have for w := rju, t] S C^{D), 



1=1 1=1 
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or in the contracted form 

w ■ A^w = --H{w,w) + A^i]. (7.1) 
The Euler-Lagrange Equations are computed similar as in jPLROQ) . jHel02j . 

Proposition 7.1 (Localized Euler-Lagrange Equation). Let rj e C^{D) and rj = 1 on an open neigh- 
borhood of some ball D C D. 

Let u G H"^ iW^ ^W^) be a critical point of En{-) on D, cf. Definition \ L1\ . Then w := rju satisfies for 
every ipij G C^{D), such that 'ipij = —ipjij 



w' A'w^ A-'il^ij = - J a^jip^j + J A'w' H{w\i^^j). (7.2) 
Here Oij G L^{R") depends on the choice ofrj. 

Remark 7.2. Note in the following proof, that this result holds also if u G L°°(M") and A^u G _L^(M"), 
the setting of '^DLR09]. 

Proof of Proposition 17.11 

Let ip G C^(L',M™). RecaU that in DefinitionOwe have set 



Ut 



u + td'Kul'f] + o{t) in _D, 

u in M"\D. 



Then ut belongs to iJ2(M"^M™) and Ut G §™ ^ a.e. in D. Hence, Euler-Lagrange equations of the 
functional _E„ defined in (|1.1[) look like 



j A^u ■ ATd7r„[(p] = 0, for any G C^{D). 



In particular, for any v G C§°{D) such that v G T^S™ ^ a.e. (i.e. d7ru[i'] = v in. D) 

A^u-A^w = 0. (7.3) 



Let iptj G Cg°{D,R), 1 < i,j < m, tp^j = -ip^-j. Then := tp^ju"- G i?*(R"), 1 < j < m. Moreover, 
u - V — {). As for X £ D the vector u{x) G M"* is orthogonal to the tangential space of S™~^ at the point 
u{x), this implies v G T^S™^^. Consequently, (17. 3p holds for this v by approximatioi||. 
Let rj be the cutoff function from above, i.e. r] G C^{D), 77 = 1 on an open neighborhood of the ball 
D C D and set w := rju. 

Because of suppV" C D we have that = w'^ipij. Thus, by (17. 3p 

A^w^ A?(«;Vy) = / A^(?i;^' - u^) A^{w'ij,j). (7.4) 



Observe that G i°°(M")niJ 2 (M") and by choice of rj and D, there exists rf > such that dist (^supp(w-' — u^),Dj > 
d. Hence, Lemma [5^ implies that there is dj G L^(M"), ||a||i2(K") <C^^j^^ such that 

At{w^ -u^) ATip = J hjip for all ^ G Cci"(L»). (7.5) 
Consequently, for a^j := djw'^ G L^(R"), (again by approximation) 



At{w^ - u') AT(u,V) = / Oijip for all ip G C^(-D). 



''in fact, approximate this v £ H 2 (W^) by G Cq°{R"), see Lemma 12. 181 By the Interpolation theorem we have for 
rj 6 Cg°{D), r] = lon D that \\rfVk -'"W^^ = Wvi^k - < C'<7l|ffc - 
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Hence, (17.41) can be written as 

' /^"iw^ A*(wV»j) = / a^jV-^j, (7.6) 

which is vaUd for every ipij £ C^{D) such that ipij — —ipji- 
Moving on, we have just by the definition of -ff (•, •), 

At(u;V„-) = A^w' V^, + w' AtV^J + H{w\^,j). (7.7) 

Hence, putting (j7.6p and (|7.7p together 

aijipij + J A^w^ A^w^ + J A^w-' H{w\ij}ij) 

R" ffi" 

R" 

Proposition 17.11 □ 

Remark 7.3. T/ie on/j/ change one has to do here, if u ^ L^(]R") but e.g. u E L°°(M.") is to prove (|7.5p 
by an alternative for Lemma \5.8l In fact, if we assume only f = —u^ G -L°°(M"), we can still estimate 
for any (f £ C^{D) and suitably chosen rj^ 

f A5(p 



-< \d\' II^IU. ||/|U^^(2'=r)-" 

k=l 

Thus, in exactly the same way as in the proof of Lemma \5.8\ we conclude the existence of a as in (|7.5p . 

8 Homogeneous Norm for the Fractional Sobolev Space 

We recall from Section [^751 the definition of the "homogeneous norm" [u]_d,s: If s > 0, s Nq, 



D D 



Otherwise, [u]d,s is just ||V*uI|i2(£)). 



8.1 Comparison results for the homogeneous norm 

The goal of this section is the following lemma which compares for balls B the size of to the size of 

II A? It 11^2(5-). Obviously, these two semi- norms are not equivalent. In fact, take for instance any nonzero 
u G iJT(M") with support outside of B. Then [u]B,n, vanishes, but A^u can not be constantly zero (cf. 
Lemma l2.19p . Anyway, these two semi-norms can be compared in the following sense: 
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Lemma 8.1. There is a uniform 7 > such that for any e > 0, n G N, there exists a constant Cg > 
such that for any v e (W) , Br = Br{x) C R" 



00 

00 

j = -oo 



where Aj — B23+5r\B2i-^r- 



Proof of Lemma 18.11 

It suffices to prove this for w e 5(M"), as 5(R") is dense in t (R"). Set TV [f]-!, s := f-A^ G ih^}^ 
and let P2r. be the polynomial of degree N such that the mean value condition (13. ip holds for and B2r- 
Let at first n be odd. Set w := ri2r{v — P2r)- Note that 



V = V — P2r on iJr- (8-1) 



Consequently, 



< 



1^ / / , 



|Q|=Ar 



\x - Z/| 



Thus, 



(Hi3,,^)^ ^ ||At-5||^2 sup / A^v MA' 



l|A4 ^||^2< 



where M is a zero-multiplier operator. One checks that by a similar argument this also holds for n even. 
Using Young's inequality, 



Msr.f ^ £||A2u||i2 + i sup I A'iy MA'iif 

IIaT^II 2<1 



^ ^Hsgr.f + - sup I A^vMAiifi. 
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For such a (/? e Cg^{B4r), \\Aiip\\[^2 < 1 we decompose 



A^v MA^ifi 

CO „ 

^ / A^ {t^Hv ~ P2r)) MA^ip 

} 1 



oo „ 

fc = l R„ 
OO „ 

J At(%^(«-P2.)) AfA^ 



fc=i fc=i 

In fact, to apply Proposition 12.301 correctly, we should have used a similar argument as in the proof of 
Lemma 16.21 That is, we should have approximated v by compactly supported functions, then for such 
functions we should have decomposed for some rip, p > po, where po depends on the support of v, r, x 
such that -B2p(0) contains the support of v and v, 

oo 

At-D = A^w + A^(w - u) = A^w + ^ A^{r]^^rip{v - P2r)) + A'i{f]pP). 

fe=i 

Then one would have applied Remark l2.31l to see that \\M A^ {f]pP)\\L^ tends to zero as p oo. But we 
will omit the details, and continue instead. 
Obviously, using Hormander's theorem |Hor60) . 

|/| -< \\A^v\\L2(^B,^y 

Moreover, for any A; e N by Lemma [5. II and Poincare's inequality, Lemma [2.221 

\Ih\ < (2'^r)-" hs^^Att^lU. r" 
= 2-"'= ||778'.Atz;|U.. 

As for 1 1 Ik , let for A; G N, P2*r ^hc polynomial which makes v — satisfy the mean value condition p.ip 
on B2k+2j.\B2kr- If A: > 3, 

\IIh\ ''P r-t (2'=)-*" ||,yfe.(t'-^2.)|U^ 

This and Lemma 13.181 imply for a 7 > 0, 

00 00 

A:— 3 j — — 00 
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It remains to estimate I Hi, III2 (where we can not use the disjoint support lemma, Lemma IS.ip . Let 
from now on fc = 1 or fc = 2. By Lemma 13.111 

so 

///, < \\A^{rjl,{v~Pi))h. + \\Ai{rjl,{Pl~P2r))\\L^ 

-< bU^^„ +||At(%^,(F|,-P20)IU- 
The following will be similar to the calculations in the proof of Lemma [?751 and Proposition [231 Set 



</3 ■■=d'^v'2rd^{P2'r-P2r) 



We calculate for odd n e N, 



Note that suppw^ p C B2k+2r\B2kr, so 



Ak R"\S4 

1 



+ l|V<;3||ioc / / ^-—^dxdy 

\x-y\ 



I" I — 2 

« maxr^\'^\\\d^(P2r - PDfr^, ^ 

Taking the square root, we have shown that 

2 2 

J2 l|A^ (r72^(^2''; - P2r))\\L^ -< max rl^l ^ \\d^{P2r - ^^'^^^^(.^pp.jj. 
fe=i ' fe=i 

Of course, the same holds true if n G N is even. Now, in the proof of Lemma 13.181 more precisely in 
(j3.6p . it was shown that 

j2\\9'{P2r-P2'r)h^iA,) 



00 

-< ^2-"'= \\d'{P2r-P2UlL^a.) 



00 

fe=l 



^ ^-1^1 ^ 2-("-^)i^"iH^^_„. 

j = -oo 
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Here, of course, we have set 
and 



This concludes the proof. 

Lemma 18.11 □ 

8.2 Localization of the homogeneous Norm 

For the convenience of the reader, we will repeat the proof of the following result in |DLR09) . 
Lemma 8.2. f !DLR09[ Theorem A.lJ) 

For any s > there is a constant Cg > such that the following holds. For any v G iS(R"), r > 0, 

X e M", 

-1 

k — — CSD 

Here Ak denotes B2k+ij.{x)\B2k-ij.{x). 



Proof of Lemma \ 

This is obvious for any s G N. Moreover, it suffices to prove the case s e (0, 1), as for s > 1, 

[v]d,s = [V'-''Jw]£,.j_|^^j for any domain D C M". 

So let s e (0, 1). Denote 



and set 



as well as 



With these notations. 



Ak := B2k+lr{x)\B2kr{x), 

{v)k.= j'v, and {v)-^ -.^ j- v, 
[v]k ■■= [v]Ak,s, and [v]r := [v]b,.{x),s 



r 1 ^ f f - ^iy)\^ , , 

Mr < 2^ p7+2^ dx dy 



\x - y\ 

Ai 

< 3 5] [z;] 

\v{x) - v{y) 



k.l— — oo ~ 

Ak Ai 

-1 

2 
fc 

k— — oc 

fc — — OO / — — OO 7 T ' ^' 

Ak Ai 



For X £ Ak and y € Ai and I < k — 2, 

\v{x) ~~ v{y)\'^ 
\x-yr+'^ 

^ (2V)"""'>(a;)-z;(y)|' 



|w(a;) 


-(")fcl + 




|w(a;) 


-(-)fcl'^ 





fc-l 



= : I + 11 + III. 
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As for / and //, we have 



and 



Consequently, 



Similarly, 



/I 

/ 



-1 fe-2 



c A 

Ai 



fc=— OO l = —OC J -r 

Afc A, 



A, 



[v]l 



-1 fe-2 

< E E 

fc — — OO Z — — o 



< E M'fc E 2'-'= 

k— — oo l=—oo 

-< EM^ 

fe= — OO 



-1 -1 



l = —00 fe — / + 1 7 7 

Afc A, 



^ E E 



/— — CXD fe=/+l 
-1 

2 



Et- 



As for ///, we have 
This implies that we have to estimate 



— OO i=— OO i= 
-2 



In 



i= — OO — OO fc=i+l 

Now, for any a G Z, g G [0, 1) 

OO OO / OO OO \ 



fe=a 



fe=0 



'^fe=0 



fe=o 
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Consequently for any I < i, 



^ (fc-0 2 



-2ks 

A.— 2+1 

oo 

-2fcs 



k=i+l-l 

-2sj 



2-2-' (i-? + 2), 



and 



^ 2'"(i-; + 2) 

/ — — oo 

i 

= 2" ^ 2('-^)"(i-Z + 2) 

/ — — oo 


< 2" 2'"(2-Z) 



Thus, 



-2 



^ 2(-"+2-)^ [„]2 ^ ^ 2-2^=- 2'" ^ ^ H2. 



/ — — oo A;— i+1 



Lemma 18.21 □ 



Remark 8.3. S?/ i/ie same reasoning as in Lemma \8.SX one can also see that for two Annuli-families of 
different width, say A}^ '. — I32k+Xj\B2h-xr and i — I32k+Arf.\B2h-\T we can compare 

In particular we don't have to be too careful about the actual choice of the width of the family Ak for 
quantities like 



as long as we can afford to deal with constants depending on the change of width, i.e. if we can afford to 
have e.g. 
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In fact this is because of 

oo 



k,s 
k—~oo 

2N-1 -2N oo 

< E E e Ha., 

fc=-2Af+l A;=-oo k=2N 

2N-1 k+N -2N k+N 

-< E E E E 2^^^],,,. 

fe=-27V+l i=/c-Af k=-ool=k-N 
oo k+N 

+ E E 2-^= H^,, 

3N -2N k+N 



-< m2'^^ E 2-^1" H^„. + 2-^ E E 2-^'^]^,. 

l=-3N k=-ool=k-N 
oo k+N 

+2-^- E E 2-' Mi,, 

3N -N oo 

-< E 2-^1" [v]a,. + 2N E 2^' Mi„. + 2^ E2-"' Ha,.« 

oo 

< Ca,a,. E 2~"'" Ha„s- 
Of course, the same argument holds for [v]Af,,s replaced by \\Aiv\\L2(j^^^, too. 

9 Growth Estimates: Proof of Theorem 11.21 

In this section, we derive growth estimates from equations (jT.ip and (j7.2p . similar to the usual Dirichlet- 
Growth estimates. 

Lemma 9.1. Let w E i/'s' (R", M™), e > 0. Then there exist constants A>0, i?>0, 7>0 such that if 
w is a solution of (j7.ip . then for any xq G M", r e (0,i?) 

\\W ■ ATw||^2(B^(^„)) 
< e(||ATu;||i2(B^^^) + [u;]B4A.,f ) 

(oo oo \ 

rt+^2-^'=||At«;|U.(^,)+ E 2-^l'=lN^„J. 
k—l k— — oo / 

Here, Ak = B2k+irixo)\B2k-ir{xa) . 

Proof of Lemma 19. IL 
By (EH, 

\\w ■ Atw\\l2(^b,.) < \\H{w,w)\\l2^b^) + \\ATr]'^\\L2(^B,^)- 
As At?7^ is bounded (by a similar argument as the one in the proof of Proposition 12. 29p . 

We conclude by applying Lemma 16.21 using also Remark 18.31 

Lemma 19.11 □ 

The next lemma is a simple consequence of Holder and Poincare inequality, Lemma 12.221 
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Lemma 9.2. Let a e L'^ {R") . Then 

aip<Cr'i ||a||L2(R") || A*(^||i2(R„) 

for any ip € C^{Br{xa)), r > 0. 

Lemma 9.3. For any w G D L°°(K",R"') and any e > there are constants A > 0, R > such 
that if w is a solution to (j7.2p for some ball D C M" then for any B\r{xo) (Z D, r G (0,i?) and any 
skew- symmetric a £ R"^", |a| < 2, 

Here, Ak = B2k+ir{xo)\B2k-irixo). 



Proof of Lemma | 

Let 6 = Ce > for a uniform constant C which will be clear later. Set Ai > 1 ten times the uniform 
constant A from Theorem 15. 121 and choose A2 > 10 such that 

(A2)"^||Atu)||i2(R„) < (9.1) 

We then define A := IOA1A2. Choose R> such that 

[HsioA^.f + W^'^MIlhb.oa.) < S for any xq e W\ r G (0, R). (9.2) 

Fix now any r g (0, R), xq £ M" such that B\r{xQ) C D. For the sake of brevity, we set v := w^aijA^w^. 
By Theorem O2I 

< \\rirv\\L2 <C sup Vr V tf. 

»=eCg°(BAj^(xo)) J 

We have for such a ip G C^{BAir{xo)), \\At(p\\l2 < 1, 

rjrV A~ ip = V A~ if + {rjr ~ 1) v A~ (p 



=: / + //. 

In order to estimate //, we use the compact support of ip in B\-^r and apply Corollary 15 . 2 1 and Poincare's 
inequality, Lemma 12.221 



II ^ J {r]r - l)v A^ip 

Ca,^2-"^ h,^«|U^ IIATv'IIl^CK") 

00 

< Ca,^2-"'= hMu. 

00 

< Ca,\\w\\l^ ^2-"^ h'Atw;|U2 

fe=i 

In fact, this inequality is first true for k > A'ai (when we can guarantee a disjoint support of 77^ and ip). 
By choosing a possibly bigger constant Cai it holds also for any fc > 1. 

The remaining term / is controlled by the PDF (|7.2p . setting tpij :— Uijip which is an admissible test 
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function: 



/oo ^ 
?74Air At-u)J H{w\ip) -a^j^ / ?7^A^^ At^J H{w\ip) 

R" 

oo 



fc=l 



fe=l 



By Lemma [g:^ 

/i < CA.rt ||a|U2. 

By Lemma lOI f taking r = Air and A = A2) and the choice of A2 and R, (j9.ip and (j9.2p . 
As for Is^k, because the support of (p and tj'Ij^^^ is disjoint, by Lemma l5. 11 



« ||u;|U^ 2-"'= ||ry4\^,Atu;^|U.. 

Using Remark 18.31 we conclude. 



Lemma 9.4. Let w e nL°°(M",M") satisfy (fTTj) anrf ([^2)1 (/or some 6aZ/ D, and some -q). Assume 
furthermore that w{y) £ §™~^ for almost every y ^ D . Then for any e > there is A > 0, R > and 
7 > 0, such that for all r G (0, R), xq G K" such that B^ri^o) C D, 



Lemma 19.31 □ 



Ms^.f + ||A4u;||^2(B^) 
< e(MsA.,f + l|A^t;||i2(s^^)) 

CXj 

+Ce 2-^l'=l(M^„t + ||At«;|U.(^,)) 



ffere, Ak = B2k+ir{xo)\B2k-ir{xo)- 
Proof of Lemma 19.41 

Let e > be given and S :— 6^ to be chosen later. Take from Lemma [9.11 and Lemma [9.31 the smallest 
R to be our R > and the biggest A to be our A > 20, such that the following holds: For any skew 
symmetric matrix a E R"^", |a| < 2 and any B^rixa) = B\ C D, r E (0, R) and for a certain 7 > 

Ik • A 1 1^2(3^^^^) + Ww'aijATw^ \\L^B^er) 

< S{\\A^w\\l2,^b^^) + [wW^^^) 

+Cs,^lr^+ £ 2-'\''\{\\A'iwU^A,) + [wW,^)\ 

\ A;— — 00 / 
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In particular, as \w\ = 1 on BiQrixo) G D we have 

\ k— — oo / 

(9.3) 

Then, by Lemma 18.11 we have for a certain 7 > (possibly smaller than the one chosen before) 

\ k=-oo / 

9 eMi3l6. + SCe{\\A'iw\\L2iBAr) + Ni3A.,t) 

+C,,s,^,n[r^+ E 2-^l'=l(MA.,t + ||A?z«lU.(^,))J. 

\ A;— — CO / 

Thus, if we set S := (C^) '^e, the claim is proven. 

iemma |9Jjn 



Finally, we can prove Theorem II. 2 [ which is an immediate consequence of the following theorem and the 
Euler-Lagrange-Equations, Lemma 17.11 

Theorem 9.5. Let w G i?^(M") n L°° as in Lemma \9.4\ Then for any E (Z D with positive distance 
from db there is [3 > such that w G C°'^(i?). 

Proof of Theorem 19. 5L 

Squaring the estimate of Lemma 19.41 we have for arbitary e > some A > (which we can chose w.l.o.g. 
to be 2^'^-'^ for some i^A e N), i? > and 7 > and any Brixo) C M" where BAr{xo) C D, r e (0, R] 

(HB,.,t)' + (I|A^W|U2(B^))' 

00 

+Ce E '2-'^'^{[M\ur),i + \\A'iw\ 

k— — oc 



Here, 
Set 



Ak{r) = Ak{r,xa) = B2k+ir(xn)\B2k-ir{xo)- 



Then, for some uniform Ci > and ci > and K = Ka E ^ such that 2^^^^ = A 

A'a 



fc— — 00 

and by Lemma 18.21 also 

Ka 

fc— — 00 

and of course, 

-1 

ML,t + l|A^«;lli2(B^) >ci ^ afc(r). 
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as well as ||ai;(r)||/i(z) ^ ||A4 w|||2(r,i)- Choosing e > sufficiently small to absorb the effects of the 
independent constants ci and Ci, this implies 

— 1 K\ oo 

E «feM<2 E 2-^'"«feM+C^^" (9.4) 

k—~oo k— — oo k— — QC 

This is valid for any Br{xQ) C B^rixo) C D, where r e (0, i?). Let i? be a bounded subset of D with 
proper distance to the boundary dD. Let Rq E (0, R) such that for any xq E E the ball -B2Aflo(a^o) C £). 
Fix some arbitrary xq E E. Let now for k Eli, 

Then for any < 0, 

N ^ R 

E = E «^(f ) 

fc— — oo A;— — oo 

= ^ afc+(jv+i)(^) 

fc— — oo 

-1 



J2 aki2^Ro) 



2 



fc — — OO 



< - ^ afe(2^i?o) + C 2-'^l'=lafc(2^i?o) + Ci?^ 2"^ 



i^A+Af+l oo 

< I E ) + C2- 5: 2--l'^-^la.(f ) + Ci?o"2 

fc— — oc fc— — oo 

Ka+N+1 oo 

= _ J2 bk + C2'< Y 2~'^l'^-^l6fc + C i?^' 2"^ 



fc— — oo k— — oc 

Consequently, by Lemma for a. Nq < and a /? > (not depending on xq), 

N 

^ 6fe < C 2/^^, for any N < Nq. 

fc— — oo 

This implies in particular for Rq = 2^"i?o (again using Lemma ) 

Hs,(a;o),f < for all r < Ro and a;o € 

Finally, Dirichlet Growth Theorem, Theorem IA.6[ implies that v E C'^'^{E). 



TheoremW^n 



A Ingredients for the Dirichlet Growth Theorem 
A.l Iteration Lemmata 

With the same argument as in |DLR091 Proposition A.l] the following Iteration Lemma can be proven. 

Lemma A.l. Let ak E afe > for any fc e Z and assume that there is a > 0, A > such that for 

any N <0 

N / oo \ 

E «fe<A E 2^(~+i-'=)afe + 2«^ . (Al) 

fc=-oo \k=N + l / 

Then there is /3 e (0, 1), A2 > such that for any N < 

N 



J2 ak<2^^A2. 



k— — oo 
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Proof of Lemma lA.lL 

Set for < 



N 



Then obviously, 

ak = Ak- Ak-i 
Equatfon (jA.l[) then reads as (note that An e Z°°(Z)) 



Aiv < 2^(^+i-'=)(Afe-Afe_i) + 2' 

Coo oo 

(oo oo 

J2 2^(^+1-^-)^^. _ ^ 2^(^-'=)Afc - + 2 

/ oo oo 

= A ^ 2^(^+1-'=) Afc - 2-^ ^ 2^(^-'^-+i)Afc - + 2 



fc=Ar+l fc=Ar+2 

i • - ' ^/c — ^Af -t- ^ 

k=N+l k=N+l 

lO 

fc=Ar+l k=N+l 

aN 



= A (1-2-^) 2''(^+i-'^-)Afc - ^jv + 2 

\ k=N+l J 

This calculation is correct as (^fc)fcgz e and (2'^^+^"'')^^ e ^^([iV, iV + 1, . . . , oo]) because of the 

condition 7 > 0. Otherwise we could not have used linearity for absolutely convergent series. 
We have shown that (jA.l[) is equivalent to 

A °° A 



An < -^{1-2--) 2-^^-+-^)^, + ^2° 



fc=Af+l 



Set T := - 2-^). Then, for all A^ < 0, 



An<t Y ST^^+i-'^^ylfe + 2"^. (A.2) 

k=N+l 



Set 



Tfc := 



1 if fc = 0, 

t(t + 2-^)'=-i iffc>l. 



Then for any if > 0, A^ < 0, 



00 K 

AN-K<rK+i J2 2^^^+^-'-)Afc+E^'=2"(^"'''''^- (A.3) 

A:=JV+1 fc=0 
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In fact, this is true for if = 0, iV < by (jA.2p . Moreover, if we assume that (jA.Sp holds for some K > 
and all iV < 0, we compute 

k=N fc=0 

\ k=N+l J 

+ f]rfc2"(^-i-^+'=) 

\ A;=Ar+l k=N+l J 

K 



+ ^Tfc2"(^-i-^+'=) 

oo 

+ t^k2- 



k=0 

oo 

N 

k=N+l 

K 

Y(N~{K+l)+k) 



k=Q 

oo K+1 

^ rK+2 E 2^^^+'-'='A,+ ^r,2"(^-(^+i)+'=). 

k=N+l k=Q 

This proves (K^ for any if > and iV < 0. As tk < I, 



So for any iV < 0, 



< C^(Aoo + l) r, I +2 



7 

Using now that Tk < 2^^^ for all /c > and some 6* > 0, have shown that 



— ^7.q(^oo + 1) 2^^ . 

for some small /i > 0. 

As a consequence the following Iteration Lemma holds, too. 



Lemma \K.l\ □ 



Lemma A. 2. For any Ai, A2,7 > 0, L G N t/iere exists a constant A3 > and an integer N <0 such 
that the following holds. Let (a^) € l^C^), Ok > for any k € Z such that for every N <0, 



N N+L N 00 

E «fc<^ E E 2^('=-^)a,+A2 E 2'^(^-'=)afc + A22'^^. (A.4) 



k— — oo k— — oo k—N-^l 
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Then for any N < N, 



N oo 
fc=-oo fe=A''+l 



and consequently by Lemma \A.l\ for some /? £ (0,1), A4 > (depending only on \\ak\\ii(Z), ^3) and for 
any N <N 

N 



k— — oo 



Proof of Lemma IA.2 

2 /-^fe=-CX) 



Firstly, (IA.4I) implies by absorption of ^ X]feL-cx) ^^"^ right hand side. 



N 
k=—oo 

V 2 E a, + 2Ai E 2^('=~~)afc 

00 

+2A2 2^^'^"'=)afe + A22'^^ 

fe=Af+l 

7V+L N 

< 2^^+i E 2^(^-'=)a, + 2Ai Y 2^^'"'^^«fe 

A;=Ar+i k=-oc 



+2A2 E 2^(^-'=)afe + A22^^ 



fe=Af+l 



< 2Ai J2 2'^^'"'^^ 



-(2^^+i + 2A2) Y 2^(^-'=)afc+A22^^. 



Next, choose K such that 2-t-^' < Then, 



/c— — 00 

< 2Ai Y 2T('=-^)afc + 2Ai ^ 2t('=- 

00 

+ (2T^+i + 2A2) J2 2^(^-'^)afe + A22^^ 

< 2 ^ '^''^'^^^ 51 "^-^ 

k=-oo k=N-K+l 
00 

+ (2T^+i + 2A2) E 2-^(^-'=)afc + A22^^. 
fe=Ar+i 
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Consequently, again by absorbing 

N-K 



J2 «fc 

k— — oo 

N oo 



k=N-K+l k=N+l 
N 



k=N-K+l 



+2^^(2^^+2 + 4A2) ^ 2^(^-^-'=)afe + 2A22^^ 

fe=Ar+l 



< (4Ai2^^' + 2^^(2''^+2 + 4A2)) ^ 2^(^-^- -a^ 



k=N-K+l 

+2A22^ 2-^^-^ 



OO 



A3 ^ 2^(^-^-'=)afe + 2''(^-^) 



\k=N~K+l 

This is valid for any < 0, so for any N < ~K 

N 



fe=-oo \fe=Ar+i 



We conclude by Lemma [A. II 



Lemma[K^n 



A. 2 A fractional Dirichlet Growth Theorem 

In this section we will state and prove a Dirichlet Growth- Type theorem using mainly Poincare's inequal- 
ity. For an approach by potential analysis, we refer to |Ada75j . in particular jAda75[ Corollary after 
Proposition 3.4]. 

Let us introduce some quantities related to Morrey- and Campanato spaces as treated in [Gia83) for some 
domain D cR", \ >0 

Jd,xm{'") sup p^^ / \v\^ 



o<P<'i \ DnBp{x) 



and 

/ 

Md,\m{v) := sup 



0<p<R 



P ^ / \v - {v)DnBp{x)\^ 



\ DnBp{x) 

Moreover, let us denote by C°'"(-D), a G (0,1) all Holder continuous functions with the exponent a. 
Then the following relations hold: 

Lemma A. 3 (Integral Characterization of Holder continuous functions). (See ]Gia8^ Theorem III. 1.2]) 
Let D C K" he a smoothly hounded set, and X e {n,n + 2), v e L^{D). Then v G C°'°(L') for a = ^ 
if and only if for some R > 

Md,\,r{v) < 00. 

Lemma A. 4 (Relation between Morrey- and Campanato spaces). (See \Gia83l Proposition in.1.2]) 
Let D C M" he a smoothly hounded set, and A G (1,»t.), v G L^{D). Then for a constant Cd,\ > 

Jo.XMiv) < Cd,\,r (||w||l2(d) + Md,\,r{v)). 
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As a consequence of Lemma IA.4I we have 

Lemma A. 5. Let D C M" be a convex, smoothly bounded domain. Set N := \^~\ — 1. Then if v & L^{D), 
A e (n,n + 2), 

\ \a\ = N 



Proof of Lemma IA.5L 

For any r € (0, R), x € D set Br = Br{x). As D is convex, also Br C\D is convex, so by classic Poincare 
inequality on convex sets. Lemma [ 



\v-{v)DnB,f CdiamiDnBr)'^ J \Vv\^ 

DnB,. DnB,. 



Consequently, 

As A G (n, n + 2), that is in particular A — 2 < n, by Lemma [A. 41 

Jd,x-2,r{^^) < Cd.r.x (l|Vf|U2(B) + Mz5,A,fl(Vi;)) . 
Iterating this estimate N times, using that A — 2N > 0, we conclude. 

Lemma \A.5\ □ 

Finally, we can prove a sufficient condition for Holder continuity on D expressed by the growth of A^v: 

Lemma A. 6 (Dirichlet Growth Theorem). Let D C M" be a smoothly bounded, convex domain, let 
V 6 2-(R") and assume there are constants A > 0, a £ (0, 1), i? > such that 

sup r-°'[v]B,.{x),^ < A. (A.5) 



r€(O.R) 



Then V e C°'"(D). 



Proof of Lemma IA.6L 

We only treat the case where n is odd, the even dimension case is similar. Set N :— [^J. We have for 
any x € D, r G {0,R), Dr = Dr{x) :— Br{x) D D, using that the boundary of D is smooth and thus 
|-Dr(a;)| > CD\Br{x)\ for any x G D (because there are no sharp outward cusps in D) 

(diamp,))2("-^) f r\V^v{x)-V^v{y)\\ , 

-< — / / — , ^2{^) — 

\x-y\ 



D. . 

D,. D 

2 



Thus, for A = n + 2q! e {n, n + 2) 

(V^v) ^ A. 

By Lemma lA.SI this implies 

Md,x,r{v) ^ A + \\v\\hn(d) < oo 
which by Lemma [A. 3 1 is equivalent to t; € (^"'"(Z?). 

Lemma\KM\3 
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